SPECTRAL GAP OF SCL IN GRAPHS OF GROUPS AND 3-MANIFOLDS

LVZHOU CHEN AND NICOLAUS HEUER

ABSTRACT. Stable commutator length sclg(g) of an element g in a group G is an invariant
for group elements sensitive to the geometry and dynamics of G.

For any group G acting on a tree, we prove a sharp bound sclg(g) > 1/2 for any g acting
without fixed points, provided that the stabilizer of each edge is relatively torsion-free in its
vertex stabilizers. The sharp gap becomes 1/2 — 1/n if the edge stabilizers are n-relatively
torsion-free in vertex stabilizers. We also compute sclg for elements acting with a fixed point.

This implies many such groups have a spectral gap, that is, there is a constant C' > 0 such
that either sclg(g) > C or sclg(g) = 0. New examples include the fundamental group of any
3-manifold using the JSJ decomposition, though the gap must depend on the manifold. We
also compute the exact gap of graph products.

We prove these statements by characterizing maps of surfaces to a suitable K(G,1). In
many cases, we also find families of quasimorphisms that realize these gaps. In particular, we
construct quasimorphisms realizing the 1/2-gap for free groups explicitly induced by actions
on the circle.

1. INTRODUCTION

Let G be a group and let G’ = [G, G] be its commutator subgroup. For an element g € G’ we
define the commutator length (clg(g)) of g in G as

ClG(g) = mln{n | 3'/11'17 s Iy Y1, - -5 Yn S G: g = [xlayl] e [xnayn]}7
and define the stable commutator length (scla(g)) of g in G as

n
sclg(g) := lim LG(Q )
n—oo n
We extend sclg to an invariant on the whole group by setting sclg(g) = sclg(¢™)/N if gV € G’
for some N € Z4 and sclg(g) = oo otherwise. Stable commutator length (scl) arises naturally in
geometry, topology and dynamics. See [Cal09b] for an introduction to stable commutator length.

We say that a group G has a spectral gap in scl if there is a constant C' > 0 such that for
every g € G either sclg(g) > C or sclg(g) = 0.

The existence of a spectral gap is an obstruction for homomorphisms due to monotonicity
of scl. For instance the spectral gap of mapping class groups by [BBF16] implies that any
homomorphism from an irreducible lattice of a higher rank semisimple Lie group to a mapping
class group has finite image, originally a theorem of Farb—Kaimanovich-Masur [KM96, FM98].

Many classes of groups have spectral gaps, including free groups, word-hyperbolic groups,
mapping class groups of closed surfaces, and right-angled Artin groups. See Subsection 2.1 for a
list of known results.

In this article we study spectral gaps of groups acting on trees without inversion. By the work
of Bass—Serre, such groups may be algebraically decomposed into graphs of groups built from
their edge and vertex stabilizers; see Subsection 2.3. Basic examples of groups acting on trees are
amalgamated free products and HNN extensions. Many classes of groups have a natural graph
of groups structure associated to them. Examples include the JSJ decomposition of 3-manifolds
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and HNN-hierarchy of one-relator groups, as well as the decomposition of graph products into
amalgamated free products.

An element acting on a tree is called elliptic if it stabilizes some vertex and hyperbolic other-
wise. We will discuss the stable commutator length of both types.

We say that a pair of a group G and a subgroup H < G is n-relatively torsion-free (n-RTF)
if thereisno 1 <k <n, g€ G\ H and {h;}1<;<x C H such that

ghi---ghx = 1g,

and simply relatively torsion-free if we can take n = oo; see Definition 5.4. Similarly, we say
that H is left relatively convez if there is a G-invariant order on the cosets G/H = {gH | g € G}
where G acts on the left. Every left relatively convex subgroup is relatively torsion-free; see
Lemma 5.15.

Theorem A (Theorems 5.9 and 5.19). Let G be a group acting on a tree such that the stabilizer
of every edge is n-RTF in the stabilizers of the its vertices. If g € G is hyperbolic, then
1

1
———,ifneNand
n

Y

sclg(g)

[\)

1
sclg(g) > 2 if n = oo.

If the stabilizer of every edge lies left relatively convex in the stabilizers of its vertices, then there
is an explicit homogeneous quasimorphism ¢ on G such that ¢(g) > 1 and D(¢) < 1.

Our estimates are sharp, strengthening the estimates in [CFL16] and generalizing all other
spectral gap results for graph of groups known to the authors [Chel8b, DH91, Heul9]. See
Subsection 1.1.2 for a stronger version that gives the estimates for individual elements under
weaker assumptions.

The stable commutator length generalizes to chains, i.e. linear combinations of elements; see
Subsection 2.1. We show how to compute sclg of chains of elliptic elements in terms of the stable
commutator length of vertex groups.

Theorem B (Theorem 6.2). Let G be a group acting on a tree with vertex stabilizers {G,} and
let ¢, be a chain of elliptic elements in G,. Then

SC](;(Z ¢y) = inf Z sclg, (cl),

where each c,, is a chain of elliptic elements in G, and the infimum is taken over all collections
{c,,} of chains obtained from adjusting {c,} by chains of elements in edge stabilizers.

See Theorem 6.2 for a precise statement. For example if G = A xz B where Z is generated by
t then we show that sclg(t) is the minimum of scla(t) and sclp(t); see Theorem 6.8.

We apply our results to obtain spectral gaps of 3-manifold groups using the JSJ decomposition
and geometrization theorem.

Theorem C (Theorem 8.11). For any closed oriented connected 3-manifold M, there is a
constant C(M) > 0 such that for any g € m (M) we have either scly ap(g) > C(M) or

SClﬂ'l(M)(g) =0.

The gap C(M) must depend on M. See Example 6.14. However, we classify elements with
sclr, (ar)(9) = 0 and describe those with scl;, (ar)(g) < 1/48 in Theorem 8.28. See Subsection 1.3
for more details.
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1.1. Method. Let G be a group and g be an element. There are usually two very different
methods of computing sclg(g). It is well known that

¢lg) _ . —x_(9)
Sgp 5D(0) —sclc;(g)—(fysf) 2n(f)

where ¢ runs over all homogeneous quasimorphisms and where (f,S) runs over all admissible
surfaces; see Subsection 1.1.1 and 1.1.2. Thus to prove spectral gap results we either need to
understand all admissible surfaces, or construct one good homogeneous quasimorphism for a
given element g € G.

1.1.1. Stable commutator length via quasimorphisms. A quasimorphism on a group G is a map
¢: G — R such that the defect D(¢) := sup, e |¢(9) + ¢(h) — ¢(gh)| is finite. Two quasimor-
phisms are equivalent if their difference is bounded and a quasimorphism is said to be homo-
geneous if it restricts to a homomorphism on each cyclic subgroup. Bavard’s Duality Theorem
(Theorem 3.3) asserts that

where the supremum ranges over all homogeneous quasimorphisms. For a given quasimorphism
we construct several equivalent quasimorphisms with interesting properties in Section 3. We call
a quasimorphism defect minimizing if it has minimal defect among all quasimorphisms equivalent
to it. We construct special defect minimizing quasimorphisms in the presence of amenability.

Theorem D (Theorem 3.6). Let H < G be an amenable subgroup of a finitely generated group
G, suppose that H admits a symmetric Folner sequence and suppose that ¢: G — R is a quasi-
morphism. Then there is an equivalent defect minimizing quasimorphism ¢g such that for all
g€ G andh € H, ¢r(gh) = ¢ (g) + ér(h) = ¢u(hg).

We will use these maps to compute stable commutator length for edge elements in Section 6.

For the free group on two generators F({a,b}) we will construct a new family of quasimor-
phisms which realize the gap of 1/2, called circle quasimorphisms. For what follows, let A be
the set of alternating words in the letters a and b.

Theorem E. For every element c € A there is an explicit quasimorphism
rote: F({a, b}) = R

constructed using the rotation number induced by an explicit action p.: F({a, b}) — Homeo™ (S")
on the circle. For every element g in the commutator subgroup of F({a, b}), there is an element
c € A such that the quasimorphism rot,. realizes the gap of 1/2 for g.

This will be described in Section 4. We will use these quasimorphisms to generalize letter-
quasimorphisms (Definition 4.7) and strengthen the main result of [Heul9], using entirely new
methods.

We will construct these letter-quasimorphisms for graph of groups and thus construct new
quasimorphisms which realize the gap of 1/2 for graph of groups provided that the edge groups
lie left relatively convex in the vertex groups; see Theorem 5.19 in Subsection 5.5.

1.1.2. Stable commutator length via admissible surfaces. Let X be a topological space with fun-
damental group G and let v: S* — X be a loop representing ¢ € G. An oriented surface map
f: S — X is called admissible of degree n(f) > 0, if there is a covering map df : S — S of
total degree n(f) such that the diagram
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a5 -2, o1

[ F

SLX

commutes. It is known [Cal09b, Section 2.1] that

=X (5)
scla(g) (nf 2n(f)
where the infimum ranges over all admissible surfaces and where x~ is the Euler characteristic
ignoring sphere and disk components.

A graph of groups G has a standard realization X that has fundamental group G and contains
verter and edge spaces corresponding to the vertex and edge groups. Each hyperbolic element g
is represented by some loop v that cyclically visits finitely many vertex spaces, each time entering
the vertex space from one adjacent edge space and exiting from another. A backtrack of v at a
vertex space X, is a time when  enters and exits X, from the same edge space X.. If 7y is pulled
tight, each such a backtrack gives rise to a winding number g, , € G, \ Ge, where G, and G, are
the vertex and edge groups corresponding to X, and X.. See Subsection 5.1 for more details.

For a subgroup H < G and k > 2, an element g € G \ H is relative k-torsion if there are
hi,...,hir € H such that

ghl...ghk = 1(;.

Then H is n-RTF if and only if there is no relative k-torsion for all k < n.
In Section 5 we prove the following stronger version of Theorem A.

Theorem A’ (Theorem 5.8). Let G be a graph of groups. Suppose g is represented by a tight
loop v so that the winding number g. . associated to any backtrack at a vertex space X, through
an edge space X, is not relative k-torsion in (G, G.) for any k <n. Then
1 1
1 > - ——.
slo(g) = 5~

The proof is based on a linear programming duality method that we develop to uniformly
estimate the Euler characteristic of all admissible surfaces in X in normal form. The normal
form is obtained by cutting the surface along edge spaces and simplifying the resulting surfaces,
similar to the one in [Chel9]. The linear programming duality method is a generalization of the
argument for free products in [Chel8b].

1.2. Graphs products. Let I' be a simple and not necessarily connected graph with vertex set
V and let {G,}yev be a collection of groups. The graph product Gr is the quotient of the free
product *,cy G, subject to the relations [g,, g,] for any g, € G, and g, € G, such that u,v are
adjacent vertices.

Several classes of non-positively curved groups are graph products including right-angled Artin
groups; see Example 7.2. We show:

Theorem F (Theorem 7.4). Let Gr be a graph product. Suppose g = g1+ gm € Gr (m >1) is
in cyclically reduced form and there is some 3 < n < oo such that g; € G,, has order at least n
for all1 <i < k. Then either

1 1
1 P —
sclar(9) 2 5 —
or T' contains a complete subgraph A with vertex set {vi,...,v,}. In the latter case, we have

sclgr(g) = sclg, (9) = maxsclg, (gi)-
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The estimate is sharp: for g, € G, of order n > 2 and ¢, € G, of order m > 2 with u not
adjacent to v in T, we have sclay. ([gu, gv]) = 5 — m, see Remark 7.5. In particular, for a
collection of groups with a uniform spectral gap and without 2-torsion, their graph product has
a spectral gap.

In the special case of right-angled Artin groups, this provides a new proof of the sharp 1/2

gap [Heul9] that is topological in nature.

1.3. 3-manifold groups. Let G be the fundamental group of a closed oriented connected 3-
manifold M. The prime decomposition of M canonically splits G as a free product, and the JSJ
decomposition of 3-manifolds endows each factor group corresponding to a non-geometric prime
factor the structure of a graph of groups, where each vertex group is the fundamental group of
a geometric 3-manifold by the geometrization theorem.

Using this structure, we prove Theorem C for any 3-manifold group in Section 8. This pos-
itively answers a question that Genevieve Walsh asked about the existence of spectral gaps of
3-manifolds after a talk by Joel Louwsma.

Although the gap in Theorem C cannot be uniform, its proof implies that elements with scl
less than 1/48 must take certain special forms, and it allows us to classify elements with zero
scl; see Theorem 8.28. Besides, as is suggested by Michael Hull, prime 3-manifolds only with
hyperbolic pieces in the JSJ decomposition have finitely many conjugacy classes with scl strictly
less than 1/48 (Corollary 8.29).

For hyperbolic elements in prime factors, we also have a uniform gap 1/48 using the acylin-
dricity of the action and a gap theorem of Clay—Forester—Louwsma [CFL16, Theorem 6.11]. This
gap can be improved to 1/6 unless the prime factor contains in its geometric decomposition either
the twisted I-bundle over a Klein bottle or a Seifert fibered space over a hyperbolic orbifold that
contains cone points of order 2. This is accomplished by using geometry to verify the 3-RTF
condition in Theorem A.

The proof of Theorem C relies heavily on estimates of scl in vertex groups (Theorem 8.21). On
the one hand this uses a simple estimate in terms of relative stable commutator length (Lemma
5.2) together with generalized versions of earlier gap results of hyperbolic groups [Cal08, CF10].
On the other hand, this relies on our characterization of scl in edge groups (Corollary 6.7), where
the simple estimate above is useless.

Organization. This article is organized as follows. In Section 2 we recall basic or well known
results on stable commutator length and its relative version. In Section 3 we will discuss quasi-
morphisms and derive nice representatives of extremal quasimorphisms in Subsection 3.2. In
Section 4 we describe a new type of extremal quasimorphisms for free groups, which are explic-
itly induced by an action on a circle. In Section 5 we develop a linear programming duality
method to estimate scl of hyperbolic elements in graphs of groups and prove Theorem A. Sub-
section 5.4 includes a discussion on the crucial n-RTF conditions and key examples. In Section
6 we compute stable commutator length for edge group elements in graphs of groups. We apply
our results to obtain spectral gaps in graph products (Section 7) and 3-manifolds (Section 8).

Acknowledgments. We would like to thank Martin Bridson, Danny Calegari and Jason Man-
ning for many helpful suggestions and encouragement. We also thank Lei Chen, Max Forester,
Michael Hull, Qixiao Ma, Genevieve Walsh and Yiwen Zhou for useful conversations.
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2. BACKGROUND
2.1. Stable commutator length.

Definition 2.1. Let G be a group and G’ its commutator subgroup. Each element g € G’ may

be written as a product of commutators g = a1, b1] - [ak, bg]. The smallest such k is called the
commutator length of g and denoted by clg(g). The stable commutator length is the limit
cle(g™)

sclg(g) := lim

n—00 n
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It is easy to see that clg is subadditive and thus that the above limit always exists.

Stable commutator length can be equivalently defined and generalized using admissible sur-
faces.

An integral (rational, or real resp.) chain ¢ = ¢;g; is a finite formal sum of group elements
g1, --,9m € G with integral (rational, or real resp.) coefficients ¢;.

Let X be a space with fundamental group G and let ¢ = >_ ¢;g; be a rational chain. Represent
each g; by a loop 7; : S} — X. An admissible surface of degree n(f) > 1isamap f:S — X
from a compact oriented surface S with boundary 05 such that the following diagram commutes

and 9f[9S] = n(f) 32, ci[SH,

as 2L, ust

[

s 4 x
where 05 < S is the inclusion map.

Such surfaces exist when the rational chain ¢ is null-homologous, i.e. [¢] =0 € H;(G;Q). An
admissible surface S is monotone if f is a covering map of positive degree on every boundary
component of S.

For any connected orientable compact surface S, let x~(5) be x(S) unless S is a disk or a
sphere, in which case we set x~(S) = 0. If S is disconnected, we define x~(5) as the sum of
X~ (X) over all components ¥ of S. Equivalently, x~(5) is the Euler characteristic of S after
removing disk and sphere components.

Definition 2.2. For a null-homologous rational chain ¢ = > ¢;¢; in G as above, its stable
commutator length is defined as

=X (5)
cl —inf & \*2J
sclg(c) in 2n(f)
where the infimum is taken over all admissible surfaces S, where n(f) is the corresponding degree.
If ¢ is nontrivial in first homology, we make the convention that sclg(c) = +oo.

By [Cal09b, Chapter 2], this infimum is the same when considering monotone surfaces. If a
chain is a single element ¢ = g € G’, then this agrees with Definition 2.1. For the rest of this
paper we will use Definition 2.2 with monotone admissible surfaces.

Let C1(G) be the space of real chains in G, i.e. the R-vector space with basis G. Let H(G)
be the subspace spanned by all elements of the form g —ng for ¢ € G and n € Z and hgh™! — ¢
for g,h € G. There is a well defined linear map h¢ : CH(G) — H;(G;R) sending each chain to
its homology class, where C¥ (G) := C1(G)/H(G). We denote the kernel by B¥ (G). Definition
2.2 extends uniquely to null-homologous real chains by continuity. scl vanishes on H(G) and
induces a pseudo-norm on B (G). See [Cal09b, Chapter 2]. Sometimes, scl is a genuine norm,
for example if G is word-hyperbolic [CF10].

Here are some basic properties of scl that easily follows from the definitions.

Lemma 2.3.

(1) (Stability) sclg(g™) = n - scla(g);

(2) (Monotonicity) For any homomorphism ¢ : G — H and any chain ¢ € C1(G), we have
sclg(e) > sclu(o(e));

(3) (Retract) If a subgroup H < G is a retract, i.e. there is a homomorphism r : G — H
with r|g = id, then scly(c) = sclg(c) for all chains ¢ € C1(H);

(4) (Direct product) For a € A" and b € B’ in the direct product G = A x B, we have
clg(a,b) = max{cly(a),clp(b)} and sclg(a,b) = max{scla(a),sclp(b)}.
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Note that finite-order elements can be removed from a chain without changing scl. Thus we
will often assume elements in chains to have infinite order.

Definition 2.4. A group G has a spectral gap C > 0 if for any g € G either sclg(g) > C or
sclg(g) = 0. If in addition, the case sclg(g) = 0 only occurs when g is torsion, we say G has a
strong spectral gap C.

Many classes of groups are known to have a spectral gap.

(1) G trivially has a spectral gap C for any C' > 0 if sclg vanishes on B (G), which is the
case if G is amenable [Cal09b, Theorem 2.47] or an irreducible lattice in a semisimple
Lie group of higher rank [BM99, BM02]; the gap is strong if G is abelian;

(2) G has a strong spectral gap 1/2 if G is residually free [DH91];

(3) o0-hyperbolic groups have gaps depending on the number of generators and § [CF10]; the
gap is strong if the group is also torsion-free;

(4) Any finite index subgroup of the mapping class group of a (possibly punctured) closed
surface has a spectral gap [BBF16];

(5) All right-angled Artin groups have a strong gap 1/2 [Heul9] (see [FFT19, FSTar] for
earlier weaker estimates);

(6) All Baumslag—Solitar groups have a gap 1/12 [CFL16].

Our Theorem C adds all 3-manifold groups to the list.
The gap property is essentially preserved under taking free products.

Lemma 2.5 (Clay—Forester—Louwsma). Let G = %,G be a free product. Then for any g € G not
conjugate into any factor, we have either sclg(g) =0 or sclg(g) > 1/12. Moreover, sclg(g) = 0
if and only if g s conjugate to g~ '. Thus if the groups G have a uniform spectral gap C > 0,

then G has a gap min{C,1/12}.

Proof. If g does not conjugate into any factor, then it either satisfies the so-called well-aligned
condition in [CFL16] or is conjugate to its inverse. In this case, it follows from [CFL16, Theorem
6.9] that either sclg(g) > 1/12 or sclg(g) = 0, corresponding to the two situations. Assuming
the factors have a uniform gap C, if an element g € G conjugates into some factor Gy, then
sclg(g) = sclg, (9) > C since Gy is a retract of G. O

The constant 1/12 is optimal in general, but can be improved if there is no torsion of small
order. See [Chel8b] or [IK18].

Many other groups have a uniform positive lower bound on most elements. They often satisfy
a spectral gap in a relative sense, which we will introduce in the next subsection.

2.2. Relative stable commutator length. We will use relative stable commutator length to
state our results in the most natural and the strongest form. It was informally mentioned or
implicitly used in [CF10, CFL16, IK18], and formally formulated and shown to be useful in scl
computations in [Chel9].

Definition 2.6. Let {G}xea be a collection of subgroups of G. Let C1({Gx}) be the subspace
of C1(G) consisting of chains of the form ), ¢y with ¢y € C1(G)), where all but finitely many
¢y vanish in each summation.

For any chain ¢ € C1(G), define its relative stable commutator length to be

sclig {ap(c) == inf{sclg(c+ ') : ¢ € CL({GA})}-

Let Hi({GA}) < H1(G;R) be the subspace of homology classes represented by chains in
C1({G2}). Recall that we have a linear map hg : C{{(G) — H;(G) taking chains to their
homology classes. Denote B{ (G, {G\}) := hg' Hi({G\}), which contains Bf (G) as a subspace.
Then scl(g (G, }) is finite on B{f (G,{G»}) and is a pseudo-norm.
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The following basic properties of relative scl will be used later.

Lemma 2.7. Let G be a group and {Gx} be a collection of subgroups.
(1) sclg(c) > sclig (cyy)(c) for any ¢ € CE(G).
(2) If g" conjugates into some G for some integer n # 0, then sclq (a,1)(g) = 0.
(3) (Stability) For any g € G, we have sclig {a,1)(9") = n - scliq,1a,1)(9)-
(4) (Monotonicity) Let ¢ : G — H be a homomorphism such that ¢(Gx) C Hy for a collection
of subgroups Hy of H, then for any c € C1(G) we have

sclia,1aan(c) > sclim rm, 1) (d(c)).

For rational chains, relative scl can be computed using relative admissible surfaces, which
are admissible surfaces possibly with extra boundary components in {G,}. This is [Chel9,
Proposition 2.9] stated as in Lemma 2.9 below.

Definition 2.8. Let ¢ € BH(G,{G,}) be a rational chain. A surface S together with a specified
collection of boundary components dy C 0S5 is called relative admissible for ¢ of degree n > 0
if 9y represents [nc] € C{(G) and every other boundary component of S represents an element
conjugate into G.

Lemma 2.9 ([Chel9]). For any rational chain c € BH (G, {G\}), we have

=X ()
scla,{a, ) (c) = inf 5

where the infimum is taken over all relative admissible surfaces for c.

The Bavard duality is a dual description of scl in terms of quasimorphisms; see Subsection 3.1
and Theorem 3.3. It naturally generalizes to relative stable commutator length.

Lemma 2.10 (Relative Bavard’s Duality). For any chain c € BH (G, {G\}), we have

sclia, (@ (¢) = sup 2{7((61)“)’

where the supremum is taken over all homogeneous quasimorphisms f on G that vanish on

C1({Ga}).

Proof. Denote the space of homogeneous quasimorphisms on G by Q(G). Let N(G) be the
subspace of B1(G) where scl vanishes. Then the quotient By (G)/N(G) with induced scl becomes
a normed vector space. Denote the quotient map by = : B1(G) — B1(G)/N(G). A more
precise statement of Bavard’s duality Theorem 3.3 shows that the dual space of B1(G)/N(G) is
exactly Q(G)/H'(G) equipped with the norm 2D(-); see [Cal09b, Sections 2.4 and 2.5]. Then
scl further induces a norm || - || on the quotient space V of Bi(G)/N(G) by the closure of
7(C1({Gx}) N B1(G)). By definition we have |[¢|| = scl(g (q,})(c) for any ¢ € B1(G), where
¢ is the image in V. It is well known that the dual space of V is naturally isomorphic to the
subspace of Q(G)/H'(G) consisting of linear functionals that vanish on C1({G\}) N B1(G). Any
f € Q(G)/H'(G) with this vanishing property can be represented by some f € Q(G) that
vanishes on C;({G,}). This proves the assertion assuming ¢ € B (G). The general case easily
follows since any ¢ € Bf(G, {G,}) can be replaced by ¢+ ¢ € B (G) for some ¢ € C1({G)})
without changing both sides of the equation. O

Definition 2.11. For a collection of subgroups {G,} of G and a positive number C, we say
(G,{G\}) has a strong relative spectral gap C if either scliq (g,1)(9) > C or sclig (a,1)(9) =0
for all ¢ € G, where the latter case occurs if and only if g™ conjugates into some G for some
n # 0.
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Some previous work on spectral gap properties of scl can be stated in terms of or strengthened
to strong relative spectral gap.

Theorem 2.12.

(1) [Chel8b, Theorem 3.1] Let n > 3 and let G = xAG be a free product where G has no
1

k-torsion for all k <n. Then (G,{Gx}) has a strong relative spectral gap 5 — L.

(2) [Heul9, Theorem 6.3] Suppose we have inclusions of groups C — A and C — B such
that both images are left relatively conver subgroups (see Definition 5.13). Let G = Axc B
be the associated amalgam. Then (G,{A, B}) has a strong relative spectral gap %

(3) [CF10, Theorem A’] Let G be §-hyperbolic with symmetric generating set S. Let a be
an element with a™ # ba="b~! for allm # 0 and all b € G. Let {a;} be a collection of
elements with translation lengths bounded by T. Suppose a™ does not conjugate into any
G := (a;) for anyn # 0, then there is C = C(6,[S],T) > 0 such that sclig (¢,1)(a) > C.

(4) [Cal08, Theorem C] Let M be a compact 3-manifold with tori boundary (possibly empty).
Suppose the interior of M is hyperbolic with finite volume. Then (mM,m0M) has
a strong relative spectral gap C(M) > 0, where m1OM is the collection of peripheral

subgroups.

Proof. Our Theorem 5.9 immediately implies (1) and (2). Part (3) is an equivalent statement of
the original theorem [CF10, Theorem A’] in view of Lemma 2.10.

Part (4) is stated stronger than the original form [Cal08, Theorem C] but can be proved in
the same way. See Theorem 8.10. d

2.3. Graphs of groups. Let I' be a connected graph with vertex set V' and edge set E. Each
edge e € E is oriented with origin o(e) and terminus ¢(e). Denote the same edge with opposite
orientation by &, which provides an involution on F satisfying ¢(€) = o(e) and o(€) = t(e).

A graph of groups with underlying graph T is a collection of vertex groups {G,}vev and edge
groups {G.}ecr with G, = Gg, as well as injections t. : G, — Gie) and 0c 1 Ge — Gy(c) satis-
fying t: = 0.. Let (X,,b,) and (X,,b.) be pointed K(G,,1) and K(G,,1) spaces respectively,
and denote again by t., o, the maps between spaces inducing the given homomorphisms ¢, o, on
fundamental groups. Let X be the space obtained from the disjoint union of Ueep X, x [—1,1]
and Uyey X, by gluing X, x {1} to Xy via t. and identifying X, x {s} with X x {—s} for
all s € [-1,1] and e € E. We refer to X as the standard realization of the graphs of groups and
denote its fundamental group by G = G(T', {G,},{G.}). This is called the fundamental group
of the graph of groups. When there is no danger of ambiguity, we will simply refer to G as the
graph of groups.

In practice, we will choose a preferred orientation for each unoriented edge {e, e} by working
with e and ignoring e.

Example 2.13.

(1) Let I' be the graph with a single vertex v and an edge {e, &} connecting v to itself. Let
G. =2 G, £ 7Z. Fix nonzero integers m, ¢, and let the edge inclusions o.,t. : G — G,
be given by 0.(1) = m and t.(1) = £. Let the edge space X, and vertex space X, be
circles S} and S! respectively. Then the standard realization X is obtained by gluing the
two boundary components of a cylinder S! x [—1,1] to the circle S} wrapping around
m and ¢ times respectively. See the left of Figure 1. The fundamental group is the
Baumslag-Solitar group BS(m, £), which has presentation

BS(m,t) = (a,t | a™ = ta’t™1).
10



U1 V2
. —
e
XU — S}} X’Ul X’U2
X = m L
aﬁ. m |
Xe x [-1,1] = 8¢ x [-1,1] Xe x [—1,1]

FIGURE 1. On the left we have the underlying graph I'" and the standard real-
ization X of BS(m,¢); on the right we have the graph I" and the realization X

for the amalgam Z 7 7Z associated to Z XM 7 and 7 25 7.

In general, with the same graph I', for any groups G. = C' and G, = A together with
two inclusions t., 0, : C' — A, the corresponding graph of groups is the HNN extension
G=Ac.

(2) Similarly, if we let T' be the graph with a single edge {e,&} connecting two vertices
v1 = o(e) and vy = t(e), the graph of groups associated to two inclusions t. : G. — G,
and o : G — Gy, is the amalgam G, xa, Go,. See the right of Figure 1 for an example
where all edge and vertex groups are Z.

In general, each connected subgraph of I' gives a graph of groups, whose fundamental group
injects into G, from which we see that each separating edge of I' splits G as an amalgam and
each non-separating edge splits G as an HNN extension. Hence G arises as a sequence of amal-
gamations and HNN extensions.

It is a fundamental result of the Bass—Serre theory that there is a correspondence between
groups acting on trees (without inversions) and graphs of groups, where vertex and edge stabiliz-
ers correspond to vertex and edge groups respectively. See [Ser80] for more details about graphs
of groups and their relation to groups acting on trees.

In the standard realization X, the homeomorphic images of X, x {0} & X, and X, are called
an edge space and a vertexr space respectively. The image of X, LI(Ue:t(e)—pXe X [0,1)) deformation
retracts to X,. We refer to its completion N(X,) as the thickened vertex space; see Figure 2.

Free homotopy classes of loops in X fall into two types. Elliptic loops are those admitting a
representative supported in some vertex space, and such a representative is called a tight elliptic
loop. Loops of the other type are called hyperbolic. We can deform any hyperbolic loop v so
that, for each s € (—1,1) and e € X,, v is either disjoint from X, x {s} or intersects it only
at {b.} x {s} transversely. For such a representative, the edge spaces cut v into finitely many
arcs, each supported in some thickened vertex spaces N(X,). The image of each arc a in N(X,)
under the deformation retraction N(X,) — X, becomes a based loop in X, and thus represents
an element w(a) € G,. If some arc « enters and leaves X, via the same end of an edge e with
t(e) = v and w(a) € te(Ge), then we say 7 trivially backtracks at o and can pushed « off X, to
further simplify ; see Figure 3. After finitely many such simplifications, we may assume « does
not trivially backtrack. Refer to such a representative as a tight hyperbolic loop, which exists in
each hyperbolic homotopy class by the procedure above.

11



FIGURE 2. On the bottom left we depict the thickened vertex space N(X,) for
the unique vertex space X, in the realization X (upper left) of BS(m, ¢); on the
right depict a thickened vertex space in a more general situation, where the red
circles are the edge spaces that we cut along.

FIGURE 3. A loop « trivially backtracks at an arc a supported in the thickened
vertex space N(X,) as shown on the left. It can be pushed off the vertex space
X, by a homotopy as shown on the right.

On the group theoretic side, an element g € G is elliptic (resp. hyperbolic) if it is represented

by an elliptic (resp. hyperbolic) loop in X, which we usually choose to be tight. Then an element

is elliptic if and only if it conjugates into some vertex group.

2.4. Circle actions and Euler class. We recall the classical connection between circle actions
and bounded cohomology. See [Ghy87] and also see [BFH16] for a thorough treatment of this

topic.
Let G be a group and let V' be Z or R the bounded cohomology with coefficients in V is the

homology of the resolution (C}'(G,V),d"™) of bounded functions C}'(G, V). It may be computed

12



both via the homogeneous or inhomogeneous resolution; see [Fril7] for details. In this subsection
we will use both types of resolution and always indicate which type we are using.

For three points z1, 22,23 € S* on the circle let Or(z1,z2,23) € {—1,0,1} be the respec-
tive orientation of those three points. Now fix a point & € S' and define the map eu €
CZ(Homeo™ (S'),Z) (in homogeneous resolution) by setting

eu(gi, g2, 93) = Or(g1.£, 92.€, 93.€).

It is a well known fact that eu is a (bounded) cocycle and that the corresponding class [eu] in
HZ(Homeo™ (S'),Z) and H?(Homeo™(S?),Z) is independent of the basepoint £. We call eu the
Euler cocycle. Here, H(-,-) denotes the bounded cohomology. See [Fril7] for an introduction to
bounded cohomology of free groups.

Let Homeo™ (R) be the group defined via

Homeo} (R) = {¢: R — R | ¢ € Homeo™ (R) and commutes with 7},

where 7(n): R — R is the shift map 7: « — =z + 1. It can be seen that the class [eu] €
H?(Homeo™ (S');Z) corresponds to the central extension

0 — Z — Homeo, (R) — Homeo™ (S') — 1

where Z — Homeo (R) is defined via n + 7.
On Homeo (R) we may define the rotation number rot: Homeo} (R) — R via

n
rot: g — lim g
n—oo nN

It is well known that the limit exists and that it is independent of the point £ € R.

Theorem 2.14 ([Cal09b, Theorem 2.43]). The map rot is a homogeneous quasimorphism of
defect 1. Moreover we have that
rot(9)

sel(g) = 2

for every g € Homeo (R).

Now let G be a group acting on the circle via p: G — Homeo™ (S'). The pullback p*eu of the
Euler cocycle via p defines a class [p*eu] € HZ(G;Z). If this class vanishes under the comparison
map c*: HZ(G;Z) — H*(G;Z) then the action p: G — Homeo™ (S') can be lifted to an action

p: G — Homeo, (R). Then define the quasimorphism ¢ via

¢ = prot.

It can be seen that §¢ = [p*eu] € HZ(G;Z), where §¢ denotes the coboundary of the function
map ¢ in inhomogeneous resolution.

3. QUASIMORPHISMS

Let G be a group. A quasimorphism is a map ¢: G — R for which there is a constant D, such

that
|¢(g) + ¢(h) — ¢(gh)| < D

for all g,h € G. The infimum of all such D is called the defect of ¢ and denoted by D(¢).
Quasimorphisms form a vector space under pointwise addition and scalar multiplication. Trivial
examples of quasimorphisms include homomorphisms to R and bounded functions.

For a function 8: G — R we set [|3]| € RU {oo} via [|B]| = sup,cq 8(g)|. We say that two
quasimorphisms ¢ and 1 are equivalent if ||¢p — ¥|| < co. We say that a quasimorphism is defect

minimizing if the defect D(¢) is minimal among all quasimorphisms equivalent to it.
13



For a fixed quasimorphism ¢ there are several choices of equivalent quasimorphisms with
interesting properties, which we will explore in this section:

(1) The homogenization ¢ is the unique equivalent quasimorphism which restricts to a homo-
morphism on cyclic subgroups. These maps may be used to compute stable commutator
length (Theorem 3.3) and restrict to homomorphisms on amenable subgroups. Compare
also Lemma 2.10. Such representatives are not defect minimizing; see Subsection 3.1.

(2) The harmonification (;~5 is the unique equivalent quasimorphism which is bi-harmonic
with respect to a certain fixed measure. These representatives are defect minimizing; see
Subsection 3.2.

(3) For a certain fixed amenable subgroup H < G we will construct an equivalent quasimor-
phism ¢z which both restricts to a homomorphism on H and is defect minimizing; see
Subsection 3.3. These maps are not necessarily unique.

3.1. Homogeneous quasimorphisms and Bavard’s duality theorem. A quasimorphism
¢: G — R is said to be homogeneous if for all g € G and n € Z we have ¢(g™) =n - ¢(g).
Let ¢: G — R be a quasimorphism. Then there is an associated equivalent homogeneous
quasimorphism ¢: G — R defined by setting
. . olg"
?(g) :== lim Q

n—oo N

We call ¢ the homogenization of ¢. Homogeneous quasimorphisms on G form a vector space,
denoted by Q(G).

Proposition 3.1 (Homogeneous Representative, [Cal09b, Lemma 2.58] ). Let ¢: G — R be a
quasimorphism and let ¢: G — R be its homogenization. Then ¢ is the unique homogeneous
quasimorphism equivalent to ¢ with ||¢ — ¢|| < D(¢). The defect satisfies D(¢) < 2D(¢).

In this section, we will decorate quasimorphisms with a bar-symbol to indicate that they are
homogeneous, even if they are not explicitly induced by a non-homogeneous quasimorphism. We
collect some well known properties for homogeneous quasimorphisms:

Proposition 3.2 (Homogeneous Quasimorphisms Properties, [Cal09b]). Let ¢:G — R be a
homogeneous quasimorphism. Then ¢ is invariant under conjugation and restricts to a homo-
morphism on each amenable subgroup H < G.

Bavard’s Duality Theorem provides the connection to stable commutator length.

Theorem 3.3 (Bavard’s Duality Theorem [Bav9l]). Let G be a group and let g € G. Then

scl(g) = sup |¢(gl|

5 2D(¢)

where the supremum is taken over all homogeneous quasimorphisms ¢ on G. ~
For a fized g € G the supremum is achieved by an extremal quasimorphism ¢ which is equiv-
alent to a defect minimizing quasimorphism ¢ which satisfies 2D (¢) = D(¢).

Extremal quasimorphisms are notoriously hard to construct. For free groups, explicit construc-
tions of extremal quasimorphisms are known for words with scl value 1/2 but not in general; see
[Heul9] and also [Cal09a, CFL16].

3.2. Harmonic quasimorphisms. In this subsection we restrict our attention to finitely gen-
erated groups although it is possible to define bi-harmonic quasimorphisms in greater generality.
14



Let G be a finitely generated group with discrete topology and let u be a probability measure
on G. We say that p is symmetric if *u = p for ¢: G — G the involution ¢: g — ¢g~'. The
support of a measure p is the set

supp(p) :={g € G | u({g}) # 0}

and we say that a measure is non-degenerate if supp(u) generates G. Let dg be the distance in
the Cayley graph associated to any finite generating set S of G. A measure is said to have finite
first moment if the sum

> ds(1,9)u({g})

geqG
converges. Note that this definition is independent of the choice of finite generating set S.

Following [BH11] we call a quasimorphism ¢: G — R right-harmonic if ¢(g) = >, c o #(gh)u(h)

for every g € G and left-harmonic if ¢(g) = >, o ¢(hg)u(h) for every g € G.

Theorem 3.4 (Bi-Harmonic Representatives, [Hub13, Theorem 2.16] [BH11, Proposition 2.2]).
Let G be a finitely generated group and let u be a symmetric, non-degenerate probability measure
on G with finite first moment. For every quasimorphism ¢ there is a unique equivalent bi-
harmonic quasimorphism ¢, which satisfies

|6 — ¢|| < 3D(6).

Moreover, ¢ is defect minimizing, and in particular we have

D(¢) < D(¢).

Proof. The existence and uniqueness of ¢ was proven first by Burger and Monod in [BM99,
Corollary 3.14]. Huber showed in [Hub13, Theorem 2.16] that ¢ is defect minimizing. Let ¢ be
the associated homogeneous quasimorphism. Then we have ||¢ — ¢|| < D(¢) and D(¢) < 2D(¢);
see Proposition 3.1. From the proof of [BH11, Proposition 2.2] we see that ||¢ — ¢ < D(¢).
Combining these results we conclude that

|6 — ¢|| < 3D(6).
O

For what follows we will need to construct bi-harmonic quasimorphisms for degenerate mea-
sures. Those will still be defect minimizing but not necessarily unique. We will need the following
result to show Theorem 3.6.

Lemma 3.5. Let G be a finitely generated group and let p be a symmetric measure on G with
finite first moment. Let ¢ be a quasimorphism. Then there is an equivalent quasimorphism QNS
which satisfies || p—|| < 3D(¢) such that ¢ is bi-harmonic with respect to p and defect minimizing
among all quasimorphisms equivalent to it.

Proof. Fix a finite generating set S of G. Let § = § \ supp(p). If S is empty then g is non-
degenerate and we may apply Theorem 3.4. Otherwise, let v be the uniform measure on the
finite set S and define (tn)nen, a sequence of measures on G via p, = %1/ + %u. It is clear
that u,, is non-degenerate and has finite first moment. Let ¢,, be the bi-harmonic quasimorphism
associated to p,, from Theorem 3.4. We have that ||¢,, — ¢|| < 3D(¢) and that every ¢,, is defect
minimizing.

Let w be an ultrafilter on N and define

¢(g) = lim ¢(g).
By the properties of the ultrafilter it is clear that ¢ is bi-harmonic with respect to p and defect
minimizing. |
15



3.3. Quasimorphisms and amenable subgroups. For a given quasimorphism ¢: G — R we
will construct an equivalent quasimorphism q; g which behaves nicely with respect to a certain
amenable subgroup H < G.
We first recall the definition of a Fglner sequence. Let G be a finitely generated group. A

Fglner sequence is a sequence (F,,)nen of subsets F,, € G such that

o F, C Fpqq forallneN,

e UpenFn = G and

e for every g € G we have that

. gFRAF
SR

We call a Folner sequence symmetric if and only if F,, = F, 1.

It is well known that a finitely generated group is amenable if and only if there is a Fglner
sequence. Every group with subexponential growth has a symmetric Fglner sequence by taking
an increasing sequence of balls around the identity.

Theorem 3.6. Let ¢: G — R be a quasimorphism on a finitely generated group G and let
H < G be an amenable subgroup that admits a symmetric Folner sequence. Then there is a
symmetric equivalent quasimorphism (]B i which is defect minimizing, restricts to ¢ on H, satisfies
¢z — ¢l| < 3D(¢), and such that for all g € G, h € H we have

¢ (gh) = du(g) + du(h) = du(hg).
Proof. Let (F,)nen be a symmetric Folner sequence in H and let ¢: G — R be a quasimorphism.
Let (pn)nen be a sequence of probability measures on G such that pu,, is uniformly supported
on F,, and let ¢, be the associated sequence of quasimorphisms from Lemma 3.5. Hence, ¢,
satisfies that

e ¢, is defect minimizing,
® [|¢ — ¢nll <3D(¢), and
e for every g € G we have that ¢,,(9) = >y Pn(92)itn(2) = 3 ey On(xg) pin ().
Moreover, we note that ¢,(—x) = —¢, () for all z € G and thus ), ¢n(2)pn(x) = 0.
Finally, let w be an ultrafilter on N and set define (ZBH by setting

o (g) = lim ¢ ().
We see that ¢z also has minimal defect and satisfies

16 — @Il < 3D(9).
It remains to show that for all g € G, h € H we have

b1 (gh) = b1 (g) + du(h) = b (hg).

Claim 3.7. Let g € G, h € H and 6¢,(g, h) = ¢dn(gh) — ¢pn(g) — ¢n(h). Then there is a constant
D > 0, independent of n, such that

|hFn AT,

<D
- | Fnl

> 66n(g, ha)pn ()
rcH

Proof. We know that the function h +— d¢, (g, h) is uniformly bounded by the defect D(¢,) <
D(¢). Thus | Y c 5 (60n(g, hx)—6¢n (g, ©))pn(z)] is uniformly bounded in terms of the symmetric
difference of hF, and F,, that is,

|hFr AF,|

Z(5¢n(gvhx) —5¢n(97$))ﬂn(33) |]:n|

rEH

< D(¢)
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By harmonicity of ¢,, we have
> 0n(g @) n(x) =Y ($n(97) — dn(g) — 6n(@)) pn(x) =0,
r€H z€H

from which we conclude that

Y 30ulg, ha)un(x)| < D(9)

r€H

[hFoAF,]
Fal

Claim 3.8. Fizr g€ GG and h € H. There is a D > 0 such that
16n(9h) — 6n(9) — u(h)] < D"‘ﬁff'
Proof. Observe that
bu(gh) = 3 bu(ghe)n(2) = 3 (60(9) + bu(he) + 6n(g, h2)) in ().
reH xeH

As ¢,, is harmonic and p, is symmetric, we see that Yy ¢n(ha)pn(z) = ¢n(h). Thus
bn(gh) = 6n(9) + n(h) + Y 6n(g, ha) i ().

zeH
We conclude by the previous claim. a

Finally we can prove Theorem 3.6. By Claim 3.8 we see that br(gh) — drlg) — du(h) = 0.
By the same argument we also see that ¢g(hg) — ¢p(g) — dm(h) = 0. O

Corollary 3.9. Let G be a finitely generated group and let gy € G be an element. There is a
quasimorphism ¢: G — R such that
(i) & is extremal for go,
(ii) The defect of ¢ satisfies 2D(¢) = D(¢) and
(iii) for all g € G
¢(909) = ¢(90) + &(9) = ¢(g90)-

Proof. Let ¢' be any extremal quasimorphism for gg as in Theorem 3.3 and set ¢ = qg’
Theorem 3.6.

(g0) B8 in

4. CIRCLE QUASIMORPHISMS

In light of Bavard’s Duality Theorem (Theorem 3.3), the scl-gap results of % must be realized
by quasimorphisms. Any group G with a strong scl-gap of % satisfies that for every non-torsion
g € G there is a homogeneous quasimorphism ¢g: G — R with ¢4(g9) > 1 and D(¢4) = 1.
However, it is notoriously difficult to explicitly construct these maps.

In [Heul9], the second author constructed quasimorphisms detecting strong scl gaps of 1/2
for some classes of group; see Subsection 2.1. Those quasimorphisms are induced by an action
on the circle, though this action was not made explicit. In this section we will give explicit
constructions of such actions and generalize the key theorem in [Heul9].

We briefly recall the correspondence between circle actions and quasimorphisms. See Subsec-
tion 2.4 for details. Let

Homeoy (R) = {¢ | ¢: R — R orientation-preserving homeomorphism, ¢ o T = T o ¢}

be the group of orientation-preserving homeomorphisms of R which commute with the the integer
shift 7: R — R with T:  — 2 + 1. For what follows we will work with Homeo},,(R) which is
17



analogous to the definition of Homeo%' (R) except that we require ¢ to commute with shifts by

an integer M (i.e. with ™) instead.
The rotation number rot: Homeo},,(R) — R is defined as

rot: ¢ — lim L(O)

n—oo N
and can be seen to be a homogeneous quasimorphism on Homeoyz(R) of defect M. For any
homomorphism p: G — Homeopz(R) we may pull back rot to a homogeneous quasimorphism
p*rot on G of defect at most M. Those will be the quasimorphisms arising in this section.

In Subsection 4.1, we give an explicit and easy construction of such quasimorphisms for the
non-abelian free group F({a,b}) on two generators. Given an alternating element b € A of
even length we will construct a map pp: F({a,b}) — Maps(Z — Z) and associate a rotation
number rot: Maps(Z — Z) — R such that pjrot is a homogeneous quasimorphism on F({a,b})
of defect |b|; see Theorem 4.4. The map pp, however, is not an honest homomorphism as maps
7 — 7 may not be invertible. In Subsections 4.3 and 4.4 we will define circle words Cpy, the group
Homeoy,,(Car) and a map rot s, : Homeo},,(Cpr) — R which we will show to be a quasimorphism
of defect M. All quasimorphisms of this section are induced by honest homomorphisms p: G —
Homeo},,(Car). In Subsection 4.5 we see how elements in Homeo},,(Cas) may be realized by
elements in Homeo},,(R). Finally in Subsection 4.6 we will construct extremal quasimorphisms
for free groups and prove Theorem 4.4.

4.1. Circle quasimorphisms. In this subsection we define a new type of quasimorphism rot;
on F({a,b}), the non-abelian free groups with generators {a,b}. These quasimorphisms will
be called circle quasimorphisms. We will decorate all maps or quasimorphisms constructed in
this subsection with a bar-symbol (e.g. pp, rotp) to indicate that they are not honest actions or
rotation numbers (e.g. p, rot) defined in the later subsections.

A word w € F({a,b}) is called alternating if its letters alternate between letters of {a,a=1}
and {b,b~!}. For example aba~!b is an alternating word but abaab is not. We denote by A the
set of all alternating words.

Fix a cyclically reduced word b € A with b = x¢---xp;_1 of even length. For every letter
y € {a,b,a7 1, b1} we define a function py(y): Z — Z by setting

i+1 ify=x
pp(y)ii—i—1 ify=x"
i else,

where the indices ¢ are considered mod M. This map is well defined, as we can not have y = x;
and y = x; !, since in this case b would not be cyclically reduced. For every element f € F({a,b})
with f =y, ---y,, reduced we define pp(f): Z — Z via

po(f) = po(y1) o0 pu(yyn)
We make an easy but useful observation:

Lemma 4.1. Let b € A be an alternating word of even length and let w € F({a, }
reduced element which may be written (reduced) as w = wizzws where € {a, b,a ", b1
w' = wizws. Then py(w) = pp(w’).

) b
}
Proof. Observe that for every letter x we have that py(xx) = pp(x) o pp(x) = pp(x). O

The map py is not a homomorphism (see Example 4.3) but shares many similarities with honest
homomorphisms p: F({a,b}) — Homeo},,(R) described in the introduction of this section and
where M = |b|. For example, for every pair of integers ¢ < j we have that p,(w).i < pp(w).j, and
pp(w) is invariant under shifts by the integer M.
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FIGURE 4. Example 4.3, visualization of p,: Here b = aba~'b~! and the circle
is labeled clockwise by b (blue arrow) starting at 0. Every edge is labeled by a
letter in {a,b} with an orientation (red arrows).
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1

Definition 4.2 (Circle Quasimorphisms). Let b € A be an alternating word of even length and
let pp: F'({a,b}) = Maps(Z — Z) be as above. The map roty: F'({a,b}) — R defined via
po(w™).0

roty: w lim ——2—=,
n—oo n

is called a circle quasimorphism with base b.

We will see in Theorem 4.4 that circle quasimorphisms are indeed homogeneous quasimor-
phisms of defect at most |b| and that they are induced by an honest action on a circle.

Example 4.3. We think of the map p, mod M as walking a long a circle labeled by the base b.
We illustrate this in Figure 4, where b = aba='b~! and M = 4. The base b labels the edges of the
circle clockwise starting at 0. Here, py(a) may be described as follows. For every i € {0,1,2,3}
we “follow an arrow labeled by a if we can”. For example, py(a).0 = 1 as there is an arrow labeled
by a from 0 to 1 and pp(a).1 = 1 as the a-arrow goes towards 1. Also, py(a).3 = 2 as there is
an a-arrow from 3 to 2. We define p,(a~!) by following the arrow labeled by a backwards, for
example py(a=!).2 = 3. Define p,(b) and p,p(b~!) analogously. The map pp is not a monoid
homomorphism to Maps(Z — Z), for example p(a=1)p(a).1 = p(a=1).1 =0 but p(id).1 = 1.

Using this geometric realization we can quickly evaluate p, for any element. For example
pp(b~ta=1ba).0 = 4, following the path 0 — 1 — 2 — 3 — 4 and py(abab—1).0 = 2, following
the path 0 — 0 — 1 — 2 — 2. Similarly pp((b~ta='ba)").0 = 4n and p,((abab=1)").0 = 2 for
all n > 1. Thus we see that rot,(b~'a~'ba) = 4 and rot,(abab™!) = 0.

The main result of this section is the following theorem:

Theorem 4.4. Letb € A be an element of even length. Then the associated circle quasimorphism
roty: F({a,b}) — R (Definition 4.2) is a homogeneous quasimorphism of defect at most |b|.
There is an ezplicit action py: F({a, b}) — HomeorblZ(Sl) such that roty, agrees with the pullback

of the rotation number on Homeorg‘Z(Sl) i.e. such that
pirOt = TOt).
We postpone the proof of Theorem 4.4 to Subsection 4.6.
For what follows we will define a map ¥: F({a,b}) — A by setting

sign(n1) ___sign(n)

\I]:y?l.yz’kHyl ..yk s
where the y, alternate between a and b. For an alternating element z =y, -- -y, € A denote by
Z =1y, -y, the reverse of x and observe that z € A.

Proposition 4.5. Circle quasimorphisms realize the scl gap of 3 on F({a,b}).
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Proof. Let w € F({a,b}) be an element in the commutator subgroup. If necessary, replace w by
a conjugate which is cyclically reduced and such that w starts with a power of a and ends in a
power of b. Suppose that w = yi* - - - y* where y, alternate between a and b. Let b = ¥(w) and
observe that b is alternating and of even length, as b starts with a*! and ends with b*!. Let b
be the reverse of b. Explicitly, we see that b = y,iign(”’“) e yiign(m)

that p5(w) = (37" -y ) Thug

. Then by Lemma 4.1 we see

pa(w)0 = pp(yP= "y )0
_ ﬁg(ybl‘lgn(m) L yilffi("kfﬂ).l

= )k 1)

and similarly pg(w™) = k- n. Thus rotj;(w) =k = |b], and by Bavard’s duality (Theorem 3.3),

rot(w) 1
SCIF({a,b})(w) > W > 5,
using D(rot;) < |b| from Theorem 4.4. O

Example 4.6. Let w = [b=2,a71] = b= 2a7!b%a. Then set b = aba~!'b~! as in Example 4.3.
Then the above computations show that rot;(w) = 4 and that rot; realizes the scl-gap for w. As
w is a commutator it is well known that sclp({ap})(w) = 1/2. Thus roty is extremal for w.

We now define letter-quasimorphisms. These are maps ®: G — F'({a,b}) which have at most
one letter “as a defect”. This definition is slightly more general than the original definition of
[Heul9], where these maps were required to have image in A.

Definition 4.7 (Letter Quasimorphism). A letter-quasimorphism is a map ®: G — F({a,b})
which is alternating, i.e. ®(g7!) = ®(g)~! for all g € G, and such that for every g, h € G, one of
the following cases hold:
(1) @(g) - ®(h) = ®(gh), or
(2) there are elements c;,c2,c3 € A and a letter x € {a,a=!,b,b~!} such that up to a cyclic
permutation of ®(g), ®(h), ®(gh)~! we have that

g) = o 'xe
d(h) = cy'xes
d(gh)™' = cglxlg

where all expressions are supposed to be reduced.

An example of a letter-quasimorphism is ¥: F'({a,b}) — A defined above. The following
Theorem 4.8 is a key result of [Heul9] stated in slightly greater generality. We now prove it
using an explicit and completely different argument.

Theorem 4.8 ([Heul9, Theorem 4.7]). Let ®: G — F({a, b}) be a letter-quasimorphism and let
go € G be an element such that there is a K > 0 with ®(gf) = blbg’_Kbr for alln > K, with
b € F({a, b}) nontrivial and neither a power of a or b and where by, b, € F({a,b}). Then there
is a homogeneous quasimorphism ¢: G — R such that ¢(g) > 1 and D(¢) < 1. In particular,
scla(go) > 1/2.

Proof. Let G, @, gg € G and by be as in the theorem. We may assume that by starts in a power of a
and ends in a power of b by possibly changing b; and b,.. Suppose that by = a™°b™ ... a"M-2p"M-1
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and let b = asign(no)psian(ni)  gsign(nm—2)psien(nm—1) - Observe that b has to be of even length.
Let b be the reverse of b. Define ¢ = ®*rot;. A similar computation as in the proof of Proposition
4.5 shows that ¢(go) = |b|.

Let g,h € G. If g,h,(gh)~! are as in (1) of the definition of letter-quasimorphisms then we
see that

[6(g) + &(h) — &(gh)| < 0],

as rot; has defect |b|. If g, h, (gh)~! are as in (2) of the definition of letter-quasimorphism then
up to a cyclic permutation we may assume that

d(g) = ' xe
®(h) = cy'xes
d(gh) = ¢y xes

where ¢y, ca,c3 € A, x is some letter and all expressions above are reduced. We see that
roty(®(gh)) = roty(cy 'xc3) = roty(c; ' xxcs) = roty(®(g)®(h))

using Lemma 4.1. Hence

[6(9) + ¢(h) — d(gh)| = rotz(R(g)) + roty(P(h)) — roty(®(gh))
= 10t3(2(g)) + oty (B (h)) — roty(P(g)®(h))
< bl
by Theorem 4.4. Thus D(¢) < |b| and sclg(go) > 3. O

One may wonder if we can prove Theorem 4.4 in greater generality, such as for free groups on
more than two generators. The following example shows that this is not the case.

Example 4.9. Theorem 4.4 just works for alternating words on 2-generator free groups as the
following example shows. Consider an analogous construction of rot, for b = ab and for the
free group F({a,b,c}) on three letters. Then for g = baca™! and h = ac™'a~!'b, we see that
gh = bb. We compute that roty(g) = 2, roty(h) = 2 and roty(gh) = 0. Thus the defect of roty is
at least 4 but |b| = 2.

4.2. Geometric proof for the strong scl-gap on free groups. We will give a geometric proof
for the strong scl-gap on free groups. We will later formalize this construction by introducing
circle words in the next subsection. Let g € F(S)’ be an element in the commutator subgroup of
a non-abelian free group on the set S. We will describe an explicit homomorphism p: F(S) —
HomeoLZ(R) such that p*rot, the pullback of rot via p, is a quasimorphism which realizes the
gap of 1/2 for g.

Fix an element g € F(S) in the commutator subgroup of F(S). By possibly conjugating g we

may assume that g = s{°--- s}, with s; € S and n; € Z such that g is cyclically reduced, i.e.
S; # 8441 fori € {0,--- , M —2} and spy_1 # sg. Observe that every element in the commutator

subgroup of F(S) may be conjugated to have such a form.
For the integer M above, let Xy := {xo,...,%xa—1} be an alphabet independent of S. We
will define p(g) as a product of maps ¥, € HorneoLZ (R) which we now describe, where x € X ]ﬁ
For every x; € Xy we define the map Wy, to be the identity outside

.13
j=i |;|od M(J_i’]+§)
and such that
e foralln>1, W2 ([j,j+1]) C(j+1,j+32)foral j=i mod M and
o foralln < —1, U2 ([j,j +1]) C (j — 3,j) for all j =i mod M.
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FIGURE 5. Visualization Wy,: The red arrows indicate the orbits of U} .i. We
require that Wy, . > ¢+ 1, that lim,_,. Py, .2 < i+% and that lim,,_, o Wy, .7 >
1

2_5'

See Figure 5 for a possible realization of such a map W,,. We set ¥__1 = \I/X_il. This defines W,

for all elements x € Xﬁ. We call two elements x,y € Xﬁ adjacent if one of them is x; or x{l and
the other one is x;41 or X;_lh where i € {0,..., M — 1} and indices are taken mod M. Observe
that if x,y are not adjacent, then ¥, and ¥, commute as they have disjoint support.

We now describe a homomorphism p: F(S) — Homeo},,(R) such that the the induced rota-
tion quasimorphism p*rot: F(S) — R realizes the scl-gap of 1/2 for g. If s € S is a letter which

does not occur in g then we set p(s): R — R to be the identity. If s occurs in g then define
p(s) == H Wypioyi © H \lez_ulflﬂ:
i s;=s,n;>0 i s;=s,mn;<0
Observe that none of the letters involved in this definition are adjacent and thus all of the Uy
terms commute.
Extend p to a homomorphism p: F(S) — Homeo},,(R).
We now evaluate p(g). Note that

plo) = plsg -+ i) = pl(sy ™))™ oo pleEY el

We first evaluate _

p(sh3).00,1/2) = p(sign{-1)inal Jo, 1/2).
We see that the only ¥ in the definition of p(s) which is not the identity on [0,1/2) is ¥,,. Thus
by the choice of Uy, we have

p(sHE)mel0,1/2) € (1,3/2).
By the same argument we see that we have that
plshps™ ) m2l(1,3/2) € (2,5/2).

By induction we see that p(g).0 € (M, M + 1/2), and that p(¢").0 € (nM,nM + 1/2). Thus
p*rot(g) = M. By Theorem 2.14 we have that D(p*rot(g)) < M. Thus p*rot(g) realizes the scl
gap of 1/2 for g.

We summarize these results in the following theorem.

Theorem 4.10. Let F(S) be the a free group on the set S and let g € F(S) be an element
in the commutator subgroup. There exist an explicit homomorphism p: F(S) — Homeo},,(R)
such that p*rot, the pullback of the rotation number via p, is a homogeneous quasimorphism that
realizes the scl-gap of 1/2 for g.
Example 4.11. Let g = [b~2,a7'] € F({a,b}). We will describe an explicit map p: F({a,b}) —
Homeoj{Z which realizes the scl-gap of 1/2 for g. Indeed, let M = 4 and set

pla) = Uy o W,-1, and

p(b) = \IJX2O\IIXZ1'
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Extend p to a homomorphism. Then the above computations show that p*rot is an extremal
quasimorphism for g.

4.3. Circle words. In what follows we will describe for each integer M > 2 a totally ordered set
(é M, <) called circle words and a function \: Car — 7 respecting the order of these circle words.
In Subsection 4.5 we will give a geometric interpretation of this set as a subset of R. We think
of this ordered set as a subset of the real line and where A(z) € Z is the closest point projection
to Z.

Fix an integer M > 2 and let x, -+ ,xp—1 be distinct letters. We will define sets {C¥, }ren of
certain reduced words in {Xg, . ,X}/[il} inductively with the property that any proper suffix of
a word v € C§; lies in C5,* for all k > 1. Set C3; = {0} and define A on C3, by setting A(#) = 0.
Suppose that C]’f/fl and A: C]’f/fl — 7Z are defined for some k > 1 satisfying the desired property.
For any w € Ch; ! with A(w) =i mod M, set

Car(w)o = {xqw, x; w, w, x; 1w, %, w}

and let Cpsr(w) be the reduced representatives of words in Cp(w)o. If w' € Cp(w) is w or
represents a non-reduced word in Cps(w)o, then w’ € Ch' and thus A(w’) has been defined.
Otherwise, we have a reduced word w’ = yw and define

Aw)+1 ify=x;

Aw') == ¢ Mw) if y=x;' ory=x;_1, and

Mw) =1 ify=x".

Finally we define

ck, = U Cw), Ck == Cckxz
wec’ggl ~
Cyv = Ugen C]kw, Cu = Cy xZ.

We call C M circle words. Then A naturally extends to Cp;. We further extend A to a function on
Cuy by setting AM(w,n) = A\(w) +n.

Example 4.12. Let M = 3. Then C{ = {0}, Ci = {X517X2,®7X0,X61} and, for example,
X9X1X0X2X1Xg € Cg

We observe the following by induction:
Claim 4.13. If w # 0 and AMw) =¢ mod M then the first letter of w is either z;_1 or :z:;l.

We define < on Cp inductively. On €3, = {(0,n) | n € Z} we define (0, n) < (§,m) if n < m
and (0,n) = (0, m) if n > m.

Suppose that < has been defined on éﬁ[l for some k > 1 and let (v,n), (w,m) € é]’f/f be two
elements. Then

o set (v,n) < (w,m), if A(v,n) < A(w, m) and

e set (v,n) = (w,m), if A(v,n) > AN(w,m).

e Otherwise we have that A(v,n) = A(w,m) and in this case let A(v,n) = AMw,m) = i
mod M. Moreover, let y, be the first letter of v and let y,, be the first letter of w such
that v = y,o’ and w = y,w’. By Claim 4.13 we have that y,,y,, € {xi—1,x; '}. Then

—ify, =x; " and y,, = x;_1 we set (v,n) < (w,m),

—ify, =% and y, = x; - we set (v,n) = (w,m).

— Otherwise, we have that y, = y,. Observe that (v/,n), (w',n) € C' and thus
the order between them is defined. We set (v,n) < (w,m) if (v',n) < (w’,m) and
(v,n) = (w,m) if (v, n) = (w',m).
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xl_lw < xglw < w < x1Ww < XoW

\‘\“ ’/ ‘/
X2 X0 X1 X9 X0

-1 0 1 2 3 4

FIGURE 6. Example 4.14

This completes the definition of (Cps, <).

Example 4.14. An element w € Cy; can be realized as paths along the integer line, labeled by
b=x¢---xp—1. The final position of this paths is recorded as A(w). If w € Cps has A(w) =i
mod M, then we are positioned between arrows labeled by x; and x;_;. Consider the case where
M = 3 (see Figure 6). Let w = x1x9. Then A\(w) = 2. Now we can go one step right via xs s.t.
A(xaw) = 3, or one step left via x7! to x] 'w = xg, hence A\(x]'w) = 1. We could also go a very
small amount to the right via x; or a very small amount to the left via x5 L

Similarly, elements (w,n) € Cur correspond to such paths for w € Cy; shifted by nM.

4.4. The group Homeoj\%z(éM). We define a group HomeoLZ(éM) analogous to the group
Homeo},,(R) (see Subsection 2.4). First let 7a7: Cay — Cas be the map 7as: (w,n) = (w,n+1).
We set

HomeoLZ(CNM) ={¢: Cu = Cu | ¢ invertible, orientation-preserving, ¢ o 7ar = 77 0 ¢}

Define the rotation number roty : HomeoLZ(éM) — R by setting

rotar: Y — li_>m WHT@’O))

Analogous to Theorem 2.14 we see:

Theorem 4.15. The map roty; is a homogeneous quasimorphism of defect M .

Proof. The proof is exactly analogous to [Cal09b, Lemmas 2.40, 2.41], which in particular implies
that the limit in the definition of rot,; always exists. O

We now define elements 1, € Homeoy,,(Cas) for every x € {xF,...,x%,_,}. Let

s ( )’_){(x,w,n) if M(w,n)=14,i+1 mod M
w0 (w,n

(w,n)  else,
and
" (w,n) > (x; fw,n) if Mw,n) =i,i+1 mod M
-1: (w,n
*i (w,m) else,
for all ¢ € {0,..., M — 1}, where we always make x;w and x;lw reduced and consider them as

elements in Cyy.
We observe the following:

Lemma 4.16.

e Suppose z = z;. Then
— if Mw,n) =i mod M, then A(¢z(w,n)) =4,i+1 mod M, and
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- if Mw,n) =i+ 1 mod M, then A(¢z(w,n)) =i+ 1 mod M.

e Suppose ¢ = :z:;l. Then
—if M(w,n) =i+ 1 mod M, then A(Vz(w,n)) =4,i+1 mod M, and
—if Mw,n) =i mod M, then \(z(w,n)) =4 mod M.

The claim follows immediately from the definition of 1, and A using Claim 4.13.

Proposition 4.17 (Circle Word Actions). We have that for every z € {:z:a—L,...,:z:;t}, Py €

Homeo},,(Car). Moreover, 1y 0 thy1 = idg, -

Proof. 1t is easy to see that ¢, commutes with 75, and that ¥y o ¥,—1 = id by Lemma 4.16.

We now show that )y is order-preserving. Suppose that x = x;. From the definition of
Yy and X it is evident that for every (v,m) € Cp; we have that A(¢y.(v,m)) = A(v,m) or
At (v,m)) = A(v,m) + 1.

Let (v,m), (w,n) € Car be such that (v,m) < (w,n). By Lemma 4.16 we see that if A(v,m) <
Aw, n) then also A(¢x.(v,m)) < A(Wy.(w,n)), thus ¢.(v,m) < Yx.(w,n). If AN(v,m) = AMw,n) £
i, + 1 mod M then 1)y is the identity and thus ¥x.(v,m) < ¥x.(w,n). If A(v,m) = A(w,n) =
i,i4+1 mod M then 1, multiplies the elements w and v by x; which also preserves the order. [

4.5. Geometric realization of i, as maps ¥,. We may realize the combinatorial construc-
tions of the last subsection by an explicit action using the maps Wy defined in Subsection 4.2.
Analogously to the functions A and 7 on Cpy define A: R — Z via A: [n— §,n+ 3) — n for all
neZandTM:]R—>]Rvi~aTM:x»—>m+Mforeverya:€]R. )
We define a map O: Cyy — R as follows: For any (w,n) € Cp with w =y, ---y,,, where
y; € {x(jf, e ,x?\}_l}, set
O: (w,n) = Ty oWy o---0Wy (0).
Proposition 4.18. We have that
(1) the map ©: (Car, <) — (R, <) is order-preserving and for every (w,n) € Cpr we have
AMw,n) = Ao©O(w,n).
Moreover, if w # 0 and the first letter of w is z; then O(w,n) € (j + 1,5+ 3) for some
j =4 mod M and if the first letter is z; ' then O(w,n) € (j — 3.J) for some j =i

mod M. _
(2) for every (w,n) € Cpr we have that
e Ooy(w,n) =T,00(w,n), for every = € {:r%[, el m]j\[/[_l}, and
e Oomy(w,n) =Ty oO(w,n).
(8) Let b € Homeoy,,(Car) be a composition of maps 1, (with © € {zs, ..., zi,_|}) and Tar

and let U € HomeoLZ(R) be the corresponding product of W, and Th;. Then

rotas (1) = rot().
Proof. All statements may be easily proven for C~]’§4 by induction on k. O

4.6. Quasimorphisms realizing the scl-gap and proof of Theorem 4.4. We can now prove
Theorem 4.4.

Proof of Theorem 4.4. Let b = zg---zp—-1 € A be an alternating word. For the given M,
consider the alphabet Xﬁ = {x§, . 7}%471}’ circle words Cps and related notion defined in
Subsections 4.3 and 4.4.

Define a map py: F({a,b}) — Homeo},,(Car) as follows. For y € {a,b} we define

pb(Y) = H ¢x1-° H ¢Xi—1~

i Zy=y it z;=y !
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This extends to a homomorphism p, on F({a,b}).
Claim 4.19. For every w € F({a, b}) we have
(1) Alpy(w).(0,0)) = py(w).0
(2) Ifw starts with the letter y and M py(w).(0,0)) = ¢ mod M then either z;—1 = y or
=y~ L. In the first case, \N(w).(0,0) starts with z;_1 and in the second case py(w).(0,0)
starts with x; L
Proof. We prove these statements by induction on the word length |w| of w. It is easy to check
that if |w| = 0, 1, the statements are true.

Suppose the statements are true when |w| < k and suppose now |w| = k+ 1. Let w = y,y,w’
where y,,y, are the first and the second letters of w and for w’ chosen accordingly. Without loss
of generality we may assume that y, = a.

By the induction hypothesis we know that A(p,(aw’).(0,0)) = pp(aw’).0 and let i € {0, ..., M—
1} be such that A(py(aw’).(9,0)) = pp(aw’).0 =4 mod M.

Because b is alternating and F'({a,b}) has only two generators, one of z;_1,z; is a*' and
the other is b*!. Without loss of generality assume that z; ; = a®'. Then by part (2) of
the induction hypothesis we know that indeed z;_; = a. Again without loss of generality we
may assume that z; = b. Thus, we know that py(y,w’).(0,0) = pp(aw’).(0,0) = (x,—12,0) for
some appropriate x. Because w is reduced we know that that y, € {a,b™!,b}. We consider the
following cases:

o If y, = a, then pp(w).(0,0) = (x;-1%;-12,0) and A(pp(w).(0,0)) = A(xi—1%;—12,0) =
A(xi—12,0) = pp(yw’).0 = pp(w).0. Item (2) of the claim is easy to check.

e If y, = b, then pp(w).(0,0) = (x;x;—12,0) and A(pp(w).(0,0)) = A(x;xi—17,0) = 1+
Axi—12,0) = 1+ pp(yow’).0 = pp(w).0. Item (2) of the claim is easy to check.

e If y, = b1, then py(w). (@,O = (x; 'xi—12,0) and A(pp(w).(0,0)) = A(x; 'x;_12,0) =
Axi—12,0) = py(yow’).0 w).0.

+1

||
c~
/\v
OA

O
The claim above is unique to the free group on two generators.
Now it follows that for any w € F({a,b}), we have
. op(w™).0 Alpp(w™).(0,0
roty(w) = lim Po(w™)-0 = lim Meo(w).(0,0)) = pproty (w),
n—00 n n— 00 n
and since rot); is a homogeneous quasimorphism of defect at most M, so is roty. O

5. SCL OF HYPERBOLIC ELEMENTS

5.1. Surfaces in graphs of groups. In this subsection, we investigate surfaces in graphs of
groups and their normal forms following [Chel9], which will be used to estimate (relative) scl.

Let G be a graph of groups. With the setup in Subsection 2.3, let X be the standard realization
of G. Let g = {g;,% € I} be a finite collection of infinite-order elements indexed by I and let
¢ =Y r;g; be a rational chain with r; € Qs¢. Let v = {v;,7 € I} be tight loops representing
elements in g. Recall that the edge spaces cut the hyperbolic tight loops into arcs, and denote
by A, the collection of arcs supported in the thickened vertex space N(X,).

Let S be any aspherical (monotone) admissible surface for ¢. Put S in general position so
that it is transverse to all edge spaces. Then the preimage F' of the union of edge spaces is a
collection of disjoint embedded proper arcs and loops. Up to homotopy and compression that
simplifies S, every loop in F' represents a nontrivial conjugacy class in some edge group.

Now cut S along F' into subsurfaces. Then each component X is a surface (possibly with
corner) supported in some thickened vertex space N(X,). Boundary components of ¥ fall into
two types (see Figure 7):
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o

FIGURE 7. Here are two possible components X1 and ¥, of .S supported in some
N(X,), where the blue parts are supported in v and the red is part of F. The
component ¥ has three boundary components: 3; winds around an elliptic loop
in v, the loop B2 lies in F', and (3 is a polygonal boundary. The component
¥, is a disk with polygonal boundary £4, on which we have arcs Qiy s Qi Qi 1N
cyclic order.
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FIGURE 8. Two paired turns on an edge space X., with arcs ay,a, C 7; and
/
ay,az Cyj

(1) Loop boundary: these are boundary components containing no corners. Each such bound-
ary is either a loop in F or a loop in 95 that winds around an elliptic tight loop in ~;

(2) Polygonal boundary: these are boundary components containing corners. Each such
boundary is necessarily divided into segments by the corners, such that the segments
alternate between arcs in A, and proper arcs in F' (called turns).

Note that any component ¥ with positive Euler characteristic must be a disk with polygonal
boundary since elements in g have infinite-order and loops in F' are nontrivial in edge spaces.

For ¥ as above, we say a turn has type (a1, w,as) for some a1,ay € A, and w € G, for some e
adjacent to v if it travels from a1 to as as a based loop supported on X, representing w, referred
to as the winding number of the turn. We say two turn types (a1,w,as) and (af,w’, a}) are
paired if they can be glued together, i.e. if there is some edge e with w,w’ € G, a1,az € Ay
and a},ay € Ay such that w™' = w’ and ay (resp. a}) is followed by aj (resp. az) on 7. See
Figure 8.

For each vertex v, let S, be the union of components ¥ supported in N(X,) obtained from
cutting S along F'. Note that there is an obvious pairing of turns in LIS,: two turns are paired if
they are glued together in S. Let (4, 1,q,) be the number of turns of type (a1, w, az) that appear
in LS, divided by k if S is a degree k admissible surface. Then we obviously have the following
Gluing condition:

(5.1) t(ar,w,as) = t(a) w,az) fOr any paired turn types (a1, w,az) and (ay,w’, ay).
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Let i(a) € I be the index such that the arc « lies on ;(,). Recall that r; is the coefficient of
v; in the chain c¢. Then we also have the following
Normalizing condition:

(5.2) Z t(a1,w,as) = Ti(ay) fOr any a; and Z t(a1,w,as) = Ti(ap) fOr any as.

az,w ay,w
Definition 5.1. We say an admissible surface S decomposed in the above way satisfying the
gluing and normalizing conditions is in its normal form.

The discussion above shows that any (monotone) admissible surface for the chain ¢ can be put
in normal form after ignoring sphere components, applying homotopy and compression, during
which —x~(S) does not increase.

Note that if S is already in normal form, then the sum of x(3) over all components differs
from x(S) by the number of proper arcs in F', which is half of the total number of turns. Thus
in general, for any S we have

(53) %(S) Z % Z t(al,w,a2) =+ Z — I/EE) = %Z'f’zhﬂ + Z — ]{EE)

(a1,w,az2) i

where the last equality follows from the normalizing condition (5.2) and |;| denotes the number
of arcs on the hyperbolic tight loop v; and is 0 for elliptic ;. Since the quantity 2 >, |y is
purely determined by the chain ¢, the key is to estimate > %(E)

This for example yields a simple estimate of sclg of chains supported in vertex groups in terms
of relative scl.

Lemma 5.2. For any vertex v and any chain ¢ € C1(G,), we have

sclg(c) > SCI(Gv7{Ge}t(g):u) (c).

Proof. We assume ¢ to be null-homologous in G, since otherwise the result is trivially true. By
continuity, we may further assume c to be a rational chain after an arbitrarily small change.
Represent c¢ by elliptic tight loops supported in X,,. Suppose f : § — X is an admissible surface
for ¢ of degree k in normal form. Let S, be the disjoint union of components supported in N(X,).
Since there are no hyperbolic loops in our chain, each component of S, has non-positive Euler
characteristic, and equation (5.3) implies

—x~(5)
k

Note that S, is admissible of degree k for ¢ in G,, relative to the nearby edge groups. It follows that
=X (Sy)/k>2- SC](Gm{GC}“e):v)(C). Combining this with the inequality above, the conclusion
follows from Lemma 2.9 since S is arbitrary. g

> =

5.2. Lower bounds from linear programming duality. We introduce a general strategy to
obtain lower bounds of scl in graphs of groups relative to vertex groups using the idea of linear
programming duality. This has been used by the first author in the special case of free products
to obtain uniform sharp lower bounds of scl [Chel8b] and in the case of Baumslag—Solitar groups
to compute scl of certain families of chains [Chel9].

Consider a rational chain ¢ = 3 r;9; with r; € Qso and g = {g;,? € I} consisting of finitely
many hyperbolic elements represented by tight loops v = {v;,7 € I'}. With notation as in the
previous subsection, for each turn type (a1, w, as), We;ussign a non-negative cost Ciq, w,ay) = 0-

Suppose S is an admissible surface of degree k for ¢ relative to vertex groups. Then S is by
definition admissible (in the absolute sense) of degree k for some rational chain ¢/ = ¢+ ¢ where
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Ceyy 18 a rational chain of elliptic elements, each of which can be assumed to have infinite order.
Hence the normal form discussed in the previous subsection applies to S.

The assignment above induces a cost for each polygonal boundary by linearity, i.e. its cost
is the sum of costs of its turns. This further induces a non-negative cost on each component
3 in the decomposition of S in normal form: the cost of ¥ is the sum of costs of its polygonal
boundaries.

Lemma 5.3. Let S be any relative admissible surface for c of degree k in normal form. With the
t(a1,w,ap) MOtation (normalized number of turns) in the estimate (5.3), if every disk component
Y in the normal form of S has cost at least 1, then the normalized total cost

1 —x_(5)
Z t(al,w,ag)c(al,w,ag) Z 5 Zrih/i| - T

(a1,w,az2)

Proof. By (5.3), it suffices to prove

by
Z%S Z U(ay w,a2)Clar w,a2) -

(a1,w,a2)

Note that, for each component ¥ in the normal form of S, either x(X) < 0 which does not
exceed its cost, or ¥ is a disk component and x(3) = 1 which is also no more than its cost by

our assumption. The desired estimate follows by summing up these inequalities and dividing by
k. O

In light of Lemma 5.3, to get lower bounds of scl relative to vertex groups, the strategy is to
come up with suitable cost assignments c(4, w,q,) Such that

(1) every possible disk component has cost at least 1; and
(2) one can use the gluing condition (5.1) and normalizing condition (5.2) to bound the
quantity Z(ahwm) t(ar w,a2)C(a1,w,az) from above by a constant.

5.3. Uniform lower bounds. Now we use the duality method above to prove sharp uniform
lower bounds of scl in graphs of groups relative to vertex groups. The results are subject to some
local conditions introduced as follows.

Definition 5.4. Let H be a subgroup of G. For 2 < k < 00, an element g € G\ H is a relative
k-torsion for the pair (G, H) if

(5.4) ghi...ghi =1id

for some h; € H. For 3 < n < oo, we say the subgroup H is n-relatively torsion-free (n-RTF)
in G if there is no relative k-torsion for all 2 < k < n. Similarly, we say ¢ is n-RTF in (G, H) if
g € G\ H is not a relative k-torsion for any 2 < k < n.

By definition, m-RTF implies n-RTF whenever m > n.

Example 5.5. If H is normal in G, then g is a relative k-torsion if and only if its image in G/H
is a k-torsion. In this case, H is n-RTF if and only if G/H contains no k-torsion for all k£ < n, and
in particular, H is co-RTF if and only if G/H is torsion-free. Concretely, the subgroup H = 6Z
in G = Z is not n-RTF for all n > 3 since 2> is a relative 2-torsion, where z is a generator of Z;
more generally, H = mZ is p,,-RTF if m is odd and p,, is the smallest prime factor of m € Z,..

For a less trivial example, let S be an orientable closed surface of positive genus and let
g € m1(S) be an element represented by a simple closed curve. Then the cyclic subgroup (g) is
0o-RTF in m1(S). One can see this from either Lemma 5.15 or Lemma 5.18.
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The equation (5.4) can be rewritten as
(5.5) g- ﬁlgﬁfl e ﬁk_lgiz,il = ﬁ;l,
where le := hy...h;. This is closely related to the notion of generalized k-torsion.
Definition 5.6. For k > 2, an element g # id € G is a generalized k-torsion if

91997 " - grggy * =id

for some g; € G.

If equation (5.4) holds with hy = hihg ... h; = id, then g is a generalized k-torsion.

It is observed in [IMT19, Theorem 2.4] that a generalized k-torsion cannot have scl exceeding
1/2 —1/k for a reason similar to Proposition 5.7 below. On the other hand, it is well known and
easy to note that the existence of any generalized torsion is an obstruction for a group G to be
bi-orderable, i.e. to admit a total order on G that is invariant under left and right multiplications.

The n-RTF condition is closely related to lower bounds of relative scl.

Proposition 5.7. Let H be a subgroup of G. If
1

1
1 > - —
scl(a,H) (9) > 2 o’

then g € G is n-RTF in (G, H).

Proof. Suppose equation (5.5) holds for some k > 2. Then this gives rise to an admissible surface
S in G for g of degree k relative to H, where S is a sphere with k + 1 punctures: k of them each
wraps around g once, and the other maps to hi. This implies

1 1 —x(5) 1 1

26 2 2k’
and thus &k > n. O

Conversely, the n-RTF condition implies a lower bound for relative scl in the case of graphs
of groups.

Theorem 5.8. Let G = G(I',{G,},{G.}) be a graph of groups. Let v be a tight loop cut into
arcs ay, . ..,ayr, by the edge spaces, where a; is supported in a thickened vertex space N(X,,) and
v1,€1,...,0p,er form aloop in T with o(e;) = v; and t(e;) = v;11, indices taken mod L. Suppose
for some n > 3, whenever e;_1 = &;, the winding number w(a;) of a; is n-RTF in (Gy,,0c,(Ge,))-
Then

1 1
scliaa.p(9) > 5 — =

2 n
Proof. Let S be a (monotone) relative admissible surface for v of degree k. Put S in its normal
form with components X. We follow the strategy and notation in Subsection 5.2 and assign costs
in a way that does not depend on winding numbers. That is, for any 1 < 4,5 < L, the cost

Cla;,w,a;) = Cij where
1 . . .
Cij == 1175’ 1fz<‘7
o if ¢ > j.
Let ¢;; be normalized the total number of turns of the form (a;, w, a;), i.e. tij = > t(a, w,a,)-
For any disk component ¥, let a;,,...a;, be the arcs of v on the polygonal boundary of ¥ in
cyclic order; see the disk component in Figure 7. There are two cases:
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(1) All 4; = i for some i¢. Then we necessarily have e;_1 = €&, and a; € Gy, \oe,(Ge,)
since v is tight. For each 1 < j <'s, let w; € o, (Ge;) be the winding number of the
turn from a;; to a;;,,, where the j-index is taken mod s. Since ¥ is a disk, we have
w(a;)wy - w(a;)ws = id € G,,. Then we must have s > n since w(a;) is n-RTF in
(Gy;, 0e,(Ge,)) by assumption, and thus the cost

c(X)=s-¢;=—>1.

Sl

(2) Some i; # ij. Then there is some jn, # jar such that i;, < i;, 41 and i, > 45,41,
where j,, + 1 and jps + 1 are interpreted mod s. Hence the cost

1 1
() = € jmt1 + Ciar 1 = (1 - ) + (n> =1

n

In summary, we have ¢(X) > 1 for any disk component 3. Hence by Lemma 5.3, we have

XQk( >*_ ch ij

since |y| =L

On the other hand, for any 1 <,j < L, we have t;; = t;_1 ,41 by the gluing condition (5.1)
and }_, t;; = >, t;; = 1 by the normalizing condition (5.2), indices taken mod L. We also have
t;.i+1 = 0 since + is tight and intersects edge spaces transversely. Thus

ch i :Z —ti; + (1—)2% == <1—i>2tij.

1,7 1<j 1<j

and

QZtij = Z ti; + Z ti1i41

i<j 1<i<j<L 1<i<j<L
= E tij + E tii1
1<i<L—1 1<i<L—1
2<j<L
= E tij — E ti1 — E trj
1<ij<L i j
- L-2

where the first two equalities can be visualized in Figure 9.
Putting the equations above together, we have

L L—2 L 2
Segty =4 (1) =5 (1-1)
ij

—x"(9)
2%k

and

Mh

1 1
et

for any relative admissible surface S. Thus the conclusion follows from Lemma 2.9. O
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X2

FIGURE 9. Visualization of the summation in the case L = 6, where the first
equality uses the gluing condition #;; = t;_1 ;41

Theorem 5.9. Let G = G(I',{G,},{G.}) be a graph of groups. Let {I'x} be a collection of
mutually disjoint connected subgraphs of T and let G be the graph of groups associated to T'y.
If for some 3 < n < oo the inclusion of each edge group into vertex group is n-RTF, then
1 1
scla(9) 2 sele,qanpl9) 2 5 —

unless g € G conjugates into some G. Hence (G,{G\}) has a strong relative spectral gap % —
In particular,

1
ot

1 1
sclg(g) > scliaqa.p(9) > 5 .

for any hyperbolic element g € G.

Proof. Each hyperbolic element g is represented by a tight loop -y satisfying the assumptions of
Theorem 5.8 since the inclusions of edge groups are n-RTF. This implies the special case where
{T'»} is the set of vertices of T'.

To see the general case, by possibly adding some subgraphs each consisting of a single vertex,
we assume each vertex is contained in some I'). By collapsing each I'y to a single vertex, we
obtain a new splitting of G as a graph of groups where {G\} is the new collection of vertex
groups. Each new edge group is some G, for some edge e of I' connecting two I'y\’s. Let I'y be
the subgraph containing the vertex v = t(e), then (G, G,) is n-RTF by Lemma 5.18 in the next
subsection and (G,,G.) is n-RTF by assumption. Thus (G, G.) is also n-RTF by Lemma 5.12.
Therefore the edge group inclusions in this new splitting also satisfy the n-RTF condition, so the
general case follows from the special case proved above. O

In the case of an amalgam G = A x¢ B, since left relatively convex implies co-RTF (Lemma
5.15), Theorem 5.9 implies [Heul9, Theorem 6.3], which is the main input to obtain gap 1/2 in
all right-angled Artin groups in [Heul9]. We will discuss similar applications in Section 7.

For the moment, let us consider the case of Baumslag—Solitar groups.

Corollary 5.10. Let BS(m,{) := {(a,t | a™ = ta*t™1) be the Baumslag-Solitar group, where
|m|,|¢] > 2. Let p and py be the smallest prime factors of |m| and |£| respectively. Then
BS(m, £) has strong spectral gap 1/2 — 1/ min(p,, pe) relative to the subgroup {(a) if m,l are both
odd. This estimate is sharp since for g = a™/Pmtat/Pet—1q=m/Pmtq=t/Pet=1 we have

sclps(m,e)(9) = sclBs(m,e),(ay)(9) = 1/2 = 1/ min(pm, pe).
Proof. Let n = min(p,,,pe). The Baumslag—Solitar group BS(m, ¢) is the HNN extension asso-

ciated to the inclusions Z %' Z and Z %% Z, which are both n-RTF. Thus the strong relative
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spectral gap follows from Theorem 5.9. The example achieving the lower bound follows from
[Chel9, Corollary 3.12], [Chel8a, Proposition 5.6] and [Chel9, Proposition 2.11]. O

If at least one of m and ¢ is even, the word g above has scl value 0, and thus one cannot have
a strong relative spectral gap. However, we do have a (relative) spectral gap 1/12 by [CFL16,
Theorem 7.8], which is sharp for example when p,, = 2 and p, = 3. When p,, = 2 and p; > 3,
the smallest known positive scl in BS(m, £) is 1/4 — 1/2p; achieved by a™/Pmtat/Pet=1,

Question 5.11. If p,, = 2 and py > 3, does BS(m, £) have (relative) spectral gap 1/4 — 1/2p,?

5.4. The n-RTF condition. The goal of this subsection is to investigate the n-RTF condition
that plays an important role in Theorem 5.8 and Theorem 5.9.
Let us start with some basic properties.

Lemma 5.12. Suppose we have groups K < H < G.
(1) If (G,K) is n-RTF, then so is (H,K);
(2) If g€ G\ H is n-RTF in (G, H), then g is also n-RTF in (G, K);
(3) If both (G, H) and (H,K) are n-RTF, then so is (G, K).

Proof. (1) and (2) are clear from the definition. As for (3), suppose gk ...gk; = id for some
1 < i < n where each k; € K. Then g € H since (G, H) is n-RTF, from which we get g € K
since (H, K) is n-RTF. O

The n-RTF condition is closely related to orders on groups.

Definition 5.13. A subgroup H is left relatively convez in G if there is a total order on the left
cosets G/H that is G-invariant, i.e. gg1H < ggoH for all g if g1 H < goH.

The definition does not require G to be left-orderable, i.e. G may not have a total order
invariant under the left G-action. Actually, if H is left-orderable, then H is left relatively convex
in G if and only if G has a left G-invariant order < such that H is convex, i.e. h < g < h' for
some h,h’ € H implies g € H. Many examples and properties of left relatively convex subgroups
are discussed in [ADS18].

Example 5.14 ( [ADS18]). Let G be a surface group, a pure braid group or a subgroup of some
right-angled Artin group. Let H be any maximal cyclic subgroup of G, that is, there is no cyclic
subgroup of G strictly containing H. Then H left relatively convex in G.

The n-RTF conditions share similar properties with the left relatively convex condition, and
they are weaker.

Lemma 5.15. If H is left relatively convez in G, then (G, H) is co-RTF.

Proof. Suppose for some g € G we have ghy ...gh, = idforsomen > 2and h; € H forall1 <i <
n. Suppose gH = H. Then gh,_19H > gh,_1H = gH = H by left-invariance. By induction,
we have ghy...gh,_19gH >~ H, but ghy...ghn_19gH = ghy...gh,H = H, contradicting our
assumption. A similar argument shows that we cannot have gH < H. Thus we must have
geH. |

The n-RTF condition has nice inheritance in graphs of groups (5.18). To prove it together with
a more precise statement (Lemma 5.16), we first briefly introduce the reduced words of elements
in graphs of groups. See [Ser80] for more details. For a graph of groups G(T') = G(T', {G, }, {G.}),
let F(T') be the quotient group of (xG,) x Fz by relations € = =1 and et.(g)e™! = o.(g) for
any edge e € E and g € G,, where Ff is the free group generated by the edge set E. Let P =
(vo,e1,v1,...,€k,v;) be any oriented path (so o(e;) = v;—1,t(e;) = v;), and let = (go, ..., gx)
be a sequence of elements with ¢; € G,,. We say any word of the form gge1g1 - - - ergr is of type
(P, ), and it is reduced if
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(1) k> 1 and g; ¢ Imt,, whenever & = e;y1; or

(2) k=0 and gy # id.
It is known that every reduced word represents a nontrivial element in F(T'). Fix any base vertex
vp, then G(T") is isomorphic to the subgroup of F(T') consisting of words of type (L, u) for any
oriented loop L based at vy and any p. Moreover, any nontrivial element is represented by some
reduced word of type (L, ) as above.

Lemma 5.16. With notation as above, let g € G = G(T') be an element represented by a reduced
word of type (L, ) with an oriented loop L = (vo,e1,v1,...,€;,v; = vg) and p = (go,--.,3;),
J > 1. If j is odd, then g is co-RTF in (G, G.,); if j is even and g;/2 is n-RTF in (G Imt
for some n >3, then g is n-RTF in (G, G,,).

Vi/2o €j/2

Proof. If j is odd, then the projection g of g in the free group F is represented by a word of
odd length, and thus must be of infinite order. It follows that the projection of gh; - - - ghy is gF
for any h; € Gy, and k > 0, which must be nontrivial.

Now suppose j = 2m is even and consider w := gh; - - - ghy, for some 1 < k < n and h; € G,,.
We claim that there cannot be too much cancellation between the suffix and prefix of two nearby
copies of g, more precisely, gmem+1 - - - €;g;hgoer - - - emgm for any h € G, can be represented by

(1) gm9,gm for some g/, € Imt,, _; or
(2) a reduced word ImEm+1 - gj—s—lej—sg;;ses+1gs+1 e Gm With 0 < s <m.

In fact, if either e; # €, or e; = €; and gjhgo ¢ Imt,.;, then we have case (2) with s = 0
and gg» = gjhgo. If e; = & and g;hgo € Imt.;, then v;_; = v; = o(e;) and we can replace
ge;_1€j95hgoeirgr by gejfloejt;jl(gjhgo)gl € Gy;_, = Gy, to simplify w to a word of shorter
length. This simplification procedure either stops in s steps with s < m and we end up with
case (2) or it continues until we arrive at g, 0e,,,, (95,)gm for some gy, € G, ., . Note that in
the latter case, we must have €, = e,;,4+1 since the simplification continues all the way. Thus
Im = Ocpyr (90m) = te,, (9,) € Imte, .

For each 1 <4 < k, write w; := €pmy1 - - €jgjhigoer - - - €m in a reduced form so that gmw;gm, is
of the form as in the claim above. Then a conjugate of w in F'(I") is represented by gnwi - -+ grmWy.
If gmw;gm is of the form (1) above for all 4, then w; € Imt,, and gpw; - gmwy # id since g,
is n-RTF in (G,,, ,Imt., ) by assumption. Now suppose i1 < ig < --+ < i are the indices i such
that gm,w;gm, is of the form (2) above, where &’ > 1. Up to a cyclic conjugation, assume iy = k
and let ig = 0. We write

ImW1 W = G1Wi; ** - Wi, s
where §s 1= gmWi, 41" GmWi,—19m- Note by the definition of the i;, each w; that appears in
gs (le. is-1+1 <i <i5—1) lies in Imt,, . It follows that each g; € G,,, \ Imt. since g, is

n-RTF in (G,, ,Imt. ) by assumption and é5; —is—1 — 1 < n. Thus the expression above puts a
conjugate of w in reduced form, and hence w # id. O

Um

Corollary 5.17. With notation as above, let ¢ € G = G(I') be an element represented by
a reduced word of type (L, p) with an oriented loop L = (vg,e1,v1,...,€;,v; = vg) and ji =
(g0,---,95), J > 1. Suppose for some n > 3 each g; is n-RTF in (G,,,Ge) for any edge e
adjacent to v;. Then g is n-RTF in (G, G,,).

Proof. This immediately follows from Lemma 5.16. O

Lemma 5.18. Let G(T') = G(I',{G,},{G.}) be a graph of groups. If the inclusion of each
edge group into an adjacent vertex group is n-RTF, then for any connected subgraph A C T, the
inclusion of G(A) :== G(A, {G,}, {G.}) — G(T') is also n-RTF.

34



Proof. The case where A is a single vertex v immediately follows from Corollary 5.17 by choosing
v to be the base point in the definition of G(T") as a subgroup of F(T").

Now we prove the general case with the additional assumption that T'\ A contains only finitely
many edges. We proceed by induction on the number of such edges. The assertion is trivially
true for the base case A = I'. For the inductive step, let e be some edge outside of A. If e is
non-separating, then G(T") splits as an HNN extension with vertex group G(I'—{e}). In this case,
the inclusion of the edge group G, is n-RTF in G, (., which is in turn n-RTF in G(I" — {e}) by
the single vertex case above. Thus by Lemma 5.12, the inclusion G. — G(I' —{e}) is also n-RTF.
The same holds for the inclusion of G. into G(I'—{e}) through Gy(.. Therefore, using the single
vertex case again for the HNN extension, we see that (G(I'), G(I' — {e})) is n-RTF. Together
with the induction hypothesis that (G(T" — {e}), G(A)) is n-RTF, this implies that (G(T'), G(A))
is n-RTF by Lemma 5.12. If e is separating, then G(I") splits as an amalgam with vertex groups
G(T'1) and G(I'y) such that I' =T’y U {e} UTy and A C I'y. The rest of the argument is similar
to the previous case.

Finally the general case easily follows from what we have shown, as any g € G(T') \ G(A) can
be viewed as an element in G(I") \ G(A) for some connected subgraph IV of T" with only finitely
many edges in I\ A. O

See Lemma 7.3 for a discussion on the n-RTF conditions in graph products. One can also use
geometry to show that the peripheral subgroups of the fundamental group of certain compact
3-manifolds are 3-RTF; see Lemma 8.23.

5.5. Quasimorphisms realizing the spectral gap for left relatively convex edge groups.
Recall from Definition 5.13 that a subgroup H < G of a group H is called left relatively convexz,
if there is a left invariant order < on the cosets G/H = {¢gH | g € G}. This property has been
studied in [ADS18]. Since left relatively convex subgroups are co-RTF by Lemma 5.15, Theorem
5.9 implies a sharp gap of 1/2 for hyperbolic elements in graphs of groups where the edge groups
are left relatively convex in the vertex groups. The aim of this subsection is to show the following
result, which constructs explicit quasimorphisms realizing the gap 1/2 and gives a completely
different proof.

Theorem 5.19. Let G be a graph of groups and let g € G be a hyperbolic element. If every
edge group lies left relatively convex in its corresponding vertexr groups then there is an explicit
homogeneous quasimorphism ¢: G — R such that ¢(g) > 1 and D(¢) < 1.

We will first prove this result for amalgamated free products and HNN extensions. The
first case has been done in [Heul9, Theorem 6.3]. In both cases we will construct a letter-
quasimorphism (see Definition 4.7) ®: G — A and use Theorem 4.8.

We first recall the construction in the case of amalgamated free products. Let G = Ax¢ B be
an amalgamated free product of A and B over the subgroup C' and suppose that C' < A (resp.
C < B) is left relatively convex with order <4 (resp. <p). Define a function sign, on A by
setting

-1 ifaC <4 C
signg(a) =¢0 ifaC=C

1 if aC =4 C,
and define signp analogously. Every element g € G either lies in C' or may be written as a unique
product

g = agbo - - - anby,

where possibly ag and b,, are the identity and all other a; € A\ C and b; € B\ C.
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Then we define a map ®: G — A as follows: If g € C set ®(g) =e. If g = agbp - - - by, set

@(g) — asignA(ao)bsignB(bo) . asignA(an)bsignB(bn).

Lemma 5.20 ([Heul9, Theorem 6.3 and Lemma 6.1]). Let G = Axc B be an amalgamated free
product where C' lies left relatively convex in both A and B. Then the map ®: G — F({a, b})
defined as above is a letter-quasimorphism. If g € G is a hyperbolic element then there are
elements by, b, b, such that ®(g™) = bib"b,.

We now describe a similar construction for HNN extensions. Let V be a group and let
¢: A — B be an isomorphism between two subgroups A, B <V of V. Let

G =Vxy = (V,r| ¢(a) =tat™ ', a € A)

be the associated HNN extension with stable letter .

Our construction makes use of a function sign,: G — {—1,0,1} as follows. If A, B are left
relatively convex in V, then a result of Antolin-Dicks-Suni¢ [ADS18, Theorem 14] shows that A
is also left relatively convex in G. Define sign,: G — {—1,0,1} as

-1 ifgAd<A
signg(g) =<0 ifgAd=A
1 ifgA = A

Observe that for every g € G and a € A, sign 4(g) = signy (ga) = sign 4 (ag), i.e. sign 4 is invariant
under both left and right multiplications by A.
Britton’s lemma asserts that every element g € G in the HNN extension may be written as
g =vot®P .-t 1y,

where ¢; € {+1,—1}, v; € V and there is no subword tat~! with a € A or t~'bt with b € B.
Such an expression is unique in the following sense. If vyt ---t“'~1¢/, is another such

expression then n =n', ¢; = €, for all i € {0,--- ,n — 1}, and
vi = hivihy,
where
hl=e ifi=0,
hle A ife_y=1,i>0and
hleB ife 1 =-1,i>0
and
hi =e ifti=mn,
hi €A ife=-1,1<nand
hi €eB ife=1,i<n.

We define a letter-quasimorphism ®: G — F'({a,b}) as follows.
Otherwise, express g = vt - - -t~ 1v,, in the above form. Then set

@(g) _ abeoasignA(f;l)bel .

If g € V, set &(g) = e.

. aSignA(ﬁnfl)ben—la_l

where 0; = tlv;tT with

! {tl ife_1=-1
ti -
e else,
and
t’.” _ t lf €; = +1
' e else.
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The map @ is well defined. If v(’)t66 et v!, is another such expression, then we know that
€, = €;, and thus the b-terms agree.

We are left to show that the sign of tlv;#] and tlv/t! agrees, where we know that v; = hlv/h!
for some hl, b as above.

If ,_1 =1, then

sign 4 (thv;t?) = sign 4 (hlolhTtD) = sign 4 (tLolh7th)

(2 2 (2 2 2

using that #! is trivial, hl € A and that sign 4 is invariant under left multiplication. If ¢;_; = —1,
then

signA(tévit’{) = signA(tflhévgh;“t;’) = signA((tflhét) tilvghgt;”) = signA(tév{hgtg)

7

using that ¢! =¢=1, hl € B, t~'hlt € A and that sign 4 is invariant under left multiplication. In

each case we see that
sign 4 (tlogt") = sign 4 (tLolhIt).

(A e 2

By an analogous argument for the right hand side of v; and v, we see that

sign 4 (thogt?) = sign 4 (tLult?).

717

Thus ® is indeed well defined.

Lemma 5.21. Let V be a group with left relatively convexr subgroups A,B < V. Let p: A — B
be an isomorphism between A and B and let G = Vx4 be the associated HNN extension. Then
the map ®: G — A defined as above is a letter-quasimorphism. If g is an hyperbolic element,
then there are by, b.,b € A such that ®(g™) = b)b™ b, for all m € N where b € A is nontrivial
and has even length.

We will show that for every g1, g2, g3 € G with ¢1-g2-g3 = 1¢ either (1) or (2) of Definition 4.7
holds by realizing ® as a map defined on the Bass—Serre tree associated to the HNN extension,
see also the proof of [Heul9, Lemma 6.1].

Let T be a tree with vertex set V(T) = {¢gV | g € G} and edge set

E(T) ={(gV,gtV) | g € GYU{(gV.gt"'V) | g € G}.

Define o,7: E(T) — V(T) by setting o((gV, gtV)) = gV, 7((gV, gtV)) = gtV, o((gV, gt ~*V)) =
gV, 7((gV,gt=1V)) = gt 'V. Moreover, set (gV, gtV) = (gtV,gV) and (gV, gt =1V) = (gt 1V, gV).
It is well known that T is a tree and that G acts on T with vertex stabilizers conjugate to V' and
edge stabilizers conjugate to A. For what follows, we will define two maps sign, : E(T) — {1, -1}
and p: E(T) — G/A on the set of edges. We set
e sign,(e) = 1 if e = (gV, gtV) and sign,(e) = —1 if e = (gV, gt V). In the first case we
call e positive and in the second case negative.

o ule) = gtAife= (gV,gtV), and u(e) = gA if e = (gV, gt ~1V).
Claim 5.22. Both sign, and 1 are well defined.
Proof. For sign, there is nothing to prove. For u, observe that if (¢gV, gtV) = (¢'V, ¢'tV'), then
there is an element b € B such that g = ¢g’b. Thus gtA = ¢/btA = ¢/t A, using that tAt~! = B in
G. Similarly, we see that p is also well defined for negative edges. O
Claim 5.23. Let e € E(T) be an edge. Then sign,(€) = —sign,(e) and u(e) = p(e).

Proof. Suppose that e = (gV, gtV). Hence sign,(e) = 1 and u(e) = gtA. We see that ¢ =

(gtV,gV) = ((gt)V, (gt)t~1V). Thus sign,(¢) = —1 and u(e) = gtA. The case where e is an edge

of the form (gV, gt~V is analogous. ]
37



A reduced path in T is a sequence p = (eq,...e,), e; € E(T) of edges such that 7(e;) = o(e;41)
for every ¢ € {1,...,n — 1}, without backtracking. For what follows, P will be the set of all
reduced paths. We also allow the empty path.

We define the following map Z: P — A assigning an alternating word to each path of edges.

If p is empty, set E(p) = e. Otherwise, suppose that o = (e1,...,e,). Then define Z(p) €
F({a,b}) as

absignt(el)asignA(u(el)’lu(ez))bsignt(eg) .. .bSignt(en—l)asignA(l“(enfl)71H(en))b51gnt(en)a_1.

Claim 5.24. =Z: P — A has the following properties:

(i) For any p € P and g € G we have Z(9p) = E(p), where 9p is the translate of p by g € G.
(1) Let 1, o2 be two reduced paths such that the last edge in 1 is ey, the first edge in o is eo
such that T(e1) = o(e2) and such that ey # &. Then

E(pl . @2) = E(@l)G,SignA(#(61)71p(62))5(p2)

as reduced words, where g1 - p2 denotes the concatenation of paths.
(iii) For any g € G let p(g) be the unique path in T connecting V' with gV. Then ®(g) = Z(p(g)),
where @ is the map of interest in Lemma 5.21.

Proof. To see (i), denote by 9e the translate of an edge e by the element g € G. Then observe
that p(9e) = gu(e) and that sign,(9e) = sign,(e). Thus for every sequence (Ye1,9 e3) of edges we
see that p(9e1) 1 u(9es) = pler) tu(ez). Property (ii) follows immediately from the definition.
For (iii), let g = vot® ---t“»~tv, as above. Then the unique path between V and gV may be
described as

((voV, vt V), (vot©Cv1 V, 0ot o1t V), - -+ | (vot©Cuy - -t 20, 1V, gV)).

We conclude by multiple applications of (ii). O
We can now prove Lemma 5.21.

Proof of Lemma 5.21. Since sign 4(g~!) = —sign 4(g), it is easy to see that ® is alternating, i.e.
®(g~1) = ®(g9)~!. Let g € G be a hyperbolic element. Up to conjugation, g may be written as
a cyclically reduced word g = vt - - - v,t¢». Thus t" vt is reduced. We observe that

. . . _ . _ m—1 . . . _
(I)(gm) —a (beo asiena (D1) ... asiena (v")ben asiena (vo)) ben a:ﬂgnA('ul) ... g5iena ('un)ben afl

where ¥; is defined as before. This produces desired by, b, b € A such that ®(g™) = b;b™ b, for
all m € N,

It remains to show that @ is a letter-quasimorphism. Let g, h € G. First, suppose that V, gV’
and ghV lie on a geodesic segment on T. If gV lies in the middle of this segment, then there are
paths g1 and o such that p(g) = p1, 9p(h) = p2 and p(gh) = 1 - P2. Let e1 be the last edge
of p1 and es be the first edge of po. Using Claim 5.24 points (i) and (ii) we see that ® behaves
as a letter-quasimorphism on such g, h.

Now suppose that V', gV and ghV do not lie on a common geodesic segment. Then there are
nontrivial paths @1, p2, p3 € P with initial edges ey, eq, e3 satisfying o(e1) = o(e2) = o(ez) and
e; # e; for i # j such that

p(g) = @fl 2, Ip(h) = p;l - s , and ghp((gh)_l) = pgl o1
38



By Claim 5.24 we obtain that

—1asignA(u(61)_1u(62))62

®(g9) =,
®(h) = CglasignA(u(ea)*lu(es))cg

@(gh)_l — cglasignA(#(63)71#(61))61
Not all of the above signs can be the same. Indeed suppose that

sign g (pu(e1) ™" p(ea)) = signy ((e2) ™ ples)) = signy (u(es) uler)) = 1.

Then p(er) tu(e2)A = A and p(ez) tu(es)A = A, thus by transitivity and invariance of the
order

p(er) ples) A = pler) " plea)ple2)  pules) A = pler)  pu(ea) A = A.

But then u(e3) 1u(er)A < A, contradicting sign 4 (p(e3) "*u(e1)) = 1. Similarly the signs cannot
all be —1. Thus ® is a letter-quasimorphism. O

We may now prove Theorem 5.19.

Proof. Let G be the fundamental group of a graph of groups such that the edge groups are left
relatively convex. and let g € G be a hyperbolic element. G arises as a succession of amalgamated
free products and HNN extensions. In particular, similarly to the proof of Lemma 5.18, we may
write G either as an amalgamated free product or an HNN extension such that g is hyperbolic.
By a result of Antolin-Dicks-Suni¢ [ADS18, Theorem 14], the edge groups of this HNN extension
or amalgamated free product are left relatively convex. Lemmas 5.20 and 5.21 assert that there
is a letter-quasimorphism ®: G — F({a,b}) such that ®(g") = b;b" b, for all n > 1 and where
b € F({a,b}) is not a proper power of a or b. We conclude using Theorem 4.8. O

6. SCL OF VERTEX AND EDGE GROUPS ELEMENTS

To promote relative spectral gap of graphs of groups to spectral gap in the absolute sense,
one needs to further control scl in vertex groups. For a graph of groups G = G(I', {G,}, {G.}),
the goal of this section is to characterize sclg of chains in vertex groups in terms of {sclg, }».

Let us start with simple examples. For a free product G = A x B, we know that G has a
retract to each factor, and thus sclg(a) = scla(a) for any a € A. This is no longer true in general
for amalgams.

Example 6.1. Let S be a closed surface of genus g > 4. Let v be a separating simple closed
curve that cuts S into S4 and Sp, where S4 has genus g — 1 and Sg has genus 1. Let a be an
element represented by a simple closed loop « in S4 that bounds a twice-punctured torus S,
with v; see Figure 10. Then G = m1(S) splits as G = A x¢ B, where A = 71(S4), B = m1(SB)
and C'is the cyclic group generated by an element represented by . In this case, the element a
is supported in A and the corresponding loop « does bound a surface Sy in S4 of genus g — 2,
which is actually a retract of S4 and we have scly(a) = g—5/2. However, a also bounds a genus
two surface from the B side, which is the union of Sg and S,,, showing that sclg(a) < 3/2,
which is smaller than scls(a) since g > 4.

The example above shows that one can use chains in edge groups to adjust the given chain
in vertex groups to a better one before evaluating it in individual vertex groups. Actually, scl is
obtained by making the best adjustment of this kind.
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§£ Sm
FiGure 10. Hlustration of Example 6.1

Theorem 6.2. Let G = G(T',{G,},{G.}) be a graph of groups with T' = (V, E). For any finite
collection of chains ¢, € CH(G,), we have

(6.1) SClg(Z Cy) = infz sclg, (cy + Z Ce),

t(e)=v

where the infimum is taken over all finite collections of chains c. € CH(G.) satisfying c.+ce =0
for each e € E.

Proof. By a simple homology calculation using the Mayer—Vietoris sequence, we observe that
scla(>°, o)l is finite if and only if the infimum is. Thus we will assume both to be finite in
the sequel. We will prove the equality for an arbitrary collection of rational chains ¢,. Then the
general case will follow by continuity.

Let X be the standard realization of G as in Subsection 2.3. Represent each chain ¢, by a
rational formal sum of elliptic tight loops in the corresponding vertex space X,. Let f: S — X
be any admissible surface in normal form (see Definition 5.1) of degree n for the rational chain
Y e, in CH(G). For each v € V, let S, be the union of components in the decomposition of S
that are supported in the thickened vertex space N(X,). Note that S, only has loop boundary
since our chain is represented by elliptic loops. Moreover, any loop boundary supported in some
edge space is obtained from cutting S along edge spaces. For each edge e with t(e) = v, let
ce € CH(G.) be the integral chain that represents the union of loop boundary components of S,
supported in X,. Then S, is admissible of degree n for the chain ¢, +% Zt(e):v ce. in CH(G,) for
all v € V. See Figure 11. Note that we must have ¢, + ¢z = 0 since loops in ¢, and cz are paired
and have opposite orientations. Since S is in normal form and US, has no polygonal boundary,
there are no disk components and hence we have

—x(Sy) _ —x"(S)

o o Zsclcv(cq,th(;_ ce), and

—x(5) — #ﬂsl’) > ZSCIGU(C@ + Z Ce)-

2n
t(e)=v

Since S is arbitrary, this proves the “>” direction in (6.1).

Conversely, consider any collection of chains ¢, € CF(G,) satisfying c. + ¢z = 0. With an
arbitrarily small change of }_ sclg, (cv + >y (), ce), we replace this collection by another with
the additional property that each c. is a rational chain. This can be done since each ¢, is rational.
For each v € V, let S, be any admissible surface for the rational chain ¢, + . t(e)=v Ce- By
taking suitable finite covers, we may assume all S, to be of the same degree n. Since ¢, +cz =0
for all e € E, the union L,,S, is an admissible surface of degree n for a chain equivalent to )", ¢,
in CH(G). Since the S, and the collection ¢, are arbitrary, this proves the other direction of
(6.1). O
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FIGURE 11. This is an example where Y ¢, = ¢,, is supported in a single vertex
group G,,, represented as the formal sum of the blue loops in X,,. On the left
we have an admissible surface S for ¢,, of degree 1. The edge spaces X, , Xe,
cut S in to Sy, Sy,, Sv, shown on the right. The edges are oriented so that
t(e1) = v1 and t(e2) = va. Then S, is admissible for its boundary, which is the
chain ¢, , and similarly S,, is admissible for ¢z, . The surface S,, is admissible
for ¢,, +cz, +ce,, where ¢z, = —c., due to opposite orientations induced from S,
and S,,, and similarly ¢., = —cg,. Thus the sum of all boundary components
of ;S,, is equal to c,, in CH(G).

Remark 6.3. If some e € E has sclg, =0 (e.g. when G, is amenable), then scly(.) and sclg both
vanish on B (G.) by monotonicity. Given this, the typically infinite-dimensional space C¥ (G.)
in Theorem 6.2 can be replaced by the quotient C{(G.)/B(G.) = H,(G.,R), which is often
(e.g. when G. is finitely generated) finite-dimensional, for which Theorem 6.2 is still valid. Thus
if all edge groups have vanishing scl and sclg, is understood in each finite-dimensional subspace
of CH(G,) for all v, then sclg in vertex groups can be practically understood by equation (6.1),
which is a convex programming problem.

Corollary 6.4. Let G = Axc B be an amalgam. If C has vanishing scl and H1(C;R) = 0, then
sclg(a) = scla(a) for any a € CH(A).

Proof. For any chain ¢ € CH(C), we have sclo(c) = 0 by our assumption, and thus scla(c) =
sclp(c) = 0 by monotonicity of scl. The conclusion follows readily from Theorem 6.2. ]

It is clear from Example 6.1 that the assumption H;(C;R) = 0 is essential in Corollary 6.4.

By inclusion of edge groups into vertex groups, apparently Theorem 6.2 also applies to chains
supported in edge groups. For later applications, we would like to carry out the characterization
of scl in edge groups carefully, where we view scl as a degenerate norm.

Definition 6.5. A degenerate norm || - || on a vector space V is a pseudo-norm on a linear
subspace V/, called the domain of || - ||, and is +oc outside V/. The unit norm ball B of | - || is
the (convex) set of vectors v with ||v]| < 1. The vanishing locus V# is the subspace consisting of
vectors v with ||v]| = 0. Note that V* ¢ B c V7.

In the sequel, norms refer to degenerate norms unless emphasized as genuine norms. A norm
in a finite-dimensional space with rational vanishing locus automatically has a “spectral gap”.

Lemma 6.6. Let || - || be a norm on R™. If the vanishing locus V* is a rational subspace, then
Il - || satisfies a gap property on Z™: there exists C > 0 such that either |P|| =0 or ||P|| > C for
adl PeZ™.
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Proof. Extend a rational basis ey, ..., e, of V* to a rational basis ey, ..., e, of R™, where m < n.
Then there is some integer N > 0 such that any P = >, Pie; € Z" has NP; € Z for all i. The

restriction of || - || to the subspace spanned by €,1, ..., e, has trivial vanishing locus and thus
there is a constant C' > 0 such that || Z}l:mH Qje;ll > NC for any integers Qum11, - .., Qrn unless
they all vanish. Therefore, if P = Y"1 | Pie; € Z" \ VZ, then |[P|| = || 37_,, 1 NPjej||/N >
C. O

Recall from Subsection 2.1 that sclg is a (degenerate) norm on C(G). If G is a subgroup of
G, then scl also restricts to a norm on C{(G).

Let us set up some notation. For a graph of groups G = G(T', {G,}, {G.}) with ' = (V| E).
For each vertex v € V, let C,, := @t(e):u CH(G,) be the space parameterizing chains in edge
groups adjacent to v. Let Cg := @{e,é} CH(G.) parameterize chains in all edge groups.

Define ||(¢(e,))l|E = scla(D_ ce,e) for any (c(e,z)) € Cg. Equivalently, || - || is the pullback of
sclg via

P cff(Ge) — P of(G) = ¢ (6),
{e,e} {e,e}
where the former map is inclusion on each summand and the latter map takes the summation.

Similarly, for each vertex v € V, we pull back sclg, to get anorm [|-|[, on Cy = By ., ci(a.)

via the composition

@ clca* P o) 5ol G,
e: t(e)=v e: t(e)=v
Note that €p, ¢y Cv is naturally isomorphic to Py, . (CH(G.) ® CH(G¢)) which has a sur-
jective map 7w to C'g whose restriction on any summand is
CH(Ge) ® Cf(Ge) = O (Ge) @ Cf(Ge) & CT(GL).

The kernel of 7 is exactly the collections of chains ¢, over which we take infimum in equation
(6.1).
Equipping @,y Co» with the /! product norm given by |[(zy)|l1 := >, e |l2ollo induces a

norm | - || on its quotient Cg via ||| := inf,—r(y) [|y]l1-
Corollary 6.7. With the notation above, the two norms || - || and || - ||z on Cg agree.
Proof. This is simply an equivalent statement of Theorem 6.2 for chains in edge groups. O

6.1. Scl in the edge group of amalgamated free products. Corollary 6.7 is particularly
simple in the special case of amalgams G = A ¢ B so that the unit norm ball has a precise
description. To do so, we need the following notion from convex analysis. The algebraic closure
of a set A consists of points x such that there is some v € V so that for any € > 0, there is some
t € [0,¢] with = +tv € A. If A is convex, the algebraic closure of A coincides with lin(A) defined
in [Hol75, p. 9], which is also convex. If A in addition finite-dimensional, then its algebraic
closure agrees with the topological closure of A [Hol75, p. 59].

Theorem 6.8. Let G = A ¢ B be the amalgamated free product associated to inclusions vy :
C — A and 1 : C — B. Then for any chain ¢ € CH(C), we have

(6.2) sclg(e) = inf  {scla(c1) +sclp(ea)}.

c1,e2€CH(0)
c1+ca=c
The unit ball of scl on C equals the algebraic closure of conv(Ba U Bg), where conv(-) denotes
the convex hull, By and Bp are the unit norm balls of the pullbacks of scla and sclg via ta and
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tg on CH(C) respectively. If C = 7 with generator t, then
sclg(t) = min{scl(¢), sclp(t)}.

Proof. Equation (6.2) is an explicit equivalent statement of Corollary 6.7 in our case. The
assertion on the unit norm ball is an immediate consequence of (6.2) and Lemma 6.12 that we
will prove below. When C 2 Z = (t) and ¢ = t, we have ¢; = At and ¢o = (1 — A\)t for some
A € Rand sclg(t) = infy{|A|scla(t) +]1 — Asclp(t)}, where the optimization is achieved at either
A=0orA=1 O

In the special case where the edge group is Z, we can construct extremal quasimorphisms for
edge group elements, which also gives a different way to establish the formula.

Proposition 6.9. Let G = Axg B, where C 2 7Z and is generated by t. Then we can construct
the an extremal quasimorphisms for t on G in terms of the extremal quasimorphism for t on A
and B.

Proof. Let ¢p4: A — R and ¢p: B — R be quasimorphisms which are extremal for ¢t in A and
B respectively in the sense of Corollary 3.9. Without loss of generality assume that scla(t) <
sclp(t). By possibly rescaling ¢4 and ¢p we may assume that ¢4(t) = ¢p(t) = scla(t) and thus

scl
D(¢a) =} and D(¢p) = 4SC;;((§>) <1
We define ¢: G — R as follows. Every element h € G may be written as a reduced word

h=aiby--- anbn7

where a; € A\ C and b; € B\ C apart from possibly a; and b,,. For any other reduced form
h=ayb) - -a,b,

it is well known that n = n’ and that there are elements ¢;,d; € C such that a} = =c;_ 1alal and
b, = d; *bic;. We set

h) =" dala;)+ onbi).
i=1
By our choice of ¢4, we have ¢4(a}) = —dpa(ci—1) + da(a;) + ¢pa(d;) and similarly for 5. Thus
¢ is well defined, independent of the choices for a; and b;.
Next we compute the defect of ¢. Let hy, hys € G be two nontrivial elements. Then using the
normal form above we see that

h1 = 013310_1
2
2 = C2T2C3
h -
-1 1
(hih2) = c3r3C] ,

where either

(1) z1,29,23 € A such that z1z923 = 1 and ¢y, ¢q, c3 € G where every ¢; is either trivial or
ends with an element in B\ C in the above normal form, or

(2) 1,292,235 € B such that x1zex3 = 1 and ¢1, c2, ¢35 € G where every ¢; is either trivial or
ends with an element in A\ C in the above normal form.

In both cases we see that

o(9) + ¢(h) —dlgh) = é(g) + o(h) + ¢((gh)™")
= #(e1) + o(x1) — pe2) + d(ca) + d(w2) — d(ez) + ¢(c3) + d(x3) — P(cr)
+ ) —

= ¢(z1) + o(x2 (5613?2)7
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and hence we see that

[¢(9) + &(h) — d(gh)| = |¢a(21) + da(x2) — da(rrz2)| < D(¢a),

if x1,29,23 € A and

|6(g9) + ¢(h) — ¢(gh)| = |¢B(21) + ¢B(22) — dB(T122)| < D(PB),

Thus D(¢) < 1/4 by the above assumption on the defects of ¢4 and ¢. By Proposition 3.1, we
have that D(¢) < 2D(¢) and thus D(¢) < 1/2. Moreover, it is clear that ¢(¢) = scla(t). Thus,

o g A(t) = scla(t)

2D(¢)
by Theorem 6.8 and thus ¢ is extremal. O

The simple formula (6.2) in the case of amalgams allows us to describe the unit norm ball of
(sclg)| ci(c)- To accomplish this, we introduce the following definition.

Definition 6.10. For two degenerate norms || - ||; and |- ||2 on a vector space V. The ¢!-mizture
norm || - ||, is defined as

[ollm = nf_ (fJorfls + [Jvzll2)-
1+v2=v

Then the norm (SCIGNClH(C) is the ¢1-mixture of scl4 and sclg by (6.2) in Theorem 6.8.

Let Vif , VZ and B; be the domain, vanishing locus and unit ball of the norm || - ||; for i = 1,2

respectively. Note that the domain V,{ of |- || is V' + V4, and the vanishing locus V% of || - ||
contains Vi 4+ V5 as a subspace.

Lemma 6.11. The vanishing locus VZ of || - ||m is V¥ + Vi if V is finite-dimensional.

Proof. Fix an arbitrary genuine norm ||-|| on V. Let E; be a subspace of Vlf such that Vlf is the
direct sum of E; and V{#. Then || - ||; is a genuine norm on Ej, a finite-dimensional space, and
thus there exists r; > 0 such that any u € F; with ||u|; < 1 has ||ul| < 7. It follows that every
vector v in B can be written as vg + u where vy € Vi and |Ju|| < r1. A similar result holds for
I ||z with some constant 7o > 0. Then for any v € V%, for any € > 0, we have v = vy +vo+us +us
for some v; € V# and w; satisfying |lu;|| < er;, i = 1,2. Hence V;? is contained in the closure of
Vi + V5. But V¥ + V5 is already closed since V' is finite-dimensional. O

The unit norm ball B, of an ¢!-mixture norm || - ||, has a simple description.

Lemma 6.12. The unit norm ball By, is the algebraic closure of conv(B; U Bs), where conv(+)
takes the convex hull. If the underlying space is finite-dimensional, then we can take the topolog-
ical closure of conv(B; U Bg) instead.

Proof. Fix any v € B,,. For any € > 0, there exist vy, vo with v = v1+wv9 and ||v1]|1+]||v2]l2 < 1+e.
Let u; € B; be v;/||vs|; if ||vi]l; # 0, and 0 otherwise. With d = max(1, ||v1|]1 + [|v2]l2), we have
v _ ol [[v2]l2

lv1lls + [lvall2
i= g wt g werd d

It follows that for any € > 0, there is some 0 < t < € such that (1 —¢)v € conv(B; U By). Thus
v is in the algebraic closure of conv(B; U Ba).

Conversely, fix any v in the algebraic closure of conv(B; U Bs). Note that conv(By U Bs) is a
subset of Vlf + VQf and that any linear subspace is algebraically closed, so the algebraic closure
of conv(B; U By) is a subset of Vlf + V2f. Then by definition, there is some u = u; + ug with
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u; € V;f such that for any € > 0, we have v + tu € conv(B; U Bsy) for some 0 < t < e. Thus
v =Avy + (1 = Nvg — tu = [Mg — tug] + [(1 — N)vg — tug] for some A € [0, 1] and v; € B;. We see

foloe < (X1 — tu s+ 11 = Ao — tuall
< Allvafly + (1= Mlfvallz + #(lludlls + fluzll2)
< T effunll + fluzll2)-
Since e is arbitrary and |lui |1 + [[uzl|2 is finite, we get v € B,,. O

Remark 6.13. It is necessary to take the algebraic closure. On R? = {(z,y)}, let ||(x,y)|1 = oo
if y # 0 and ||(z,0)||1 = |z|, and let ||(z,y)||2 = oo if z # 0 and |[(0,y)|l2 = 0. Then their
¢t-mixture has formula ||(2,y)|m = |z|. Thus the unit balls By = [-1,1] x {0}, B, = {0} x R
and By, = [-1,1] x R. Thus conv(B; U B2) = (—1,1) x RU{(£1,0)} does not agree with B,
but its algebraic closure does.

Lemma 6.12 confirms the assertion on the unit norm ball in Theorem 6.8 and finishes its proof.
This allows us to look at explicit examples showing how scl behaves under surgeries.

Example 6.14. Let ¥ be a once-punctured torus with boundary loop «. Then X4 := S' x ¥ is
a compact 3-manifolds with torus boundary T)4. Let 74 be a chosen section of v in T4 and let 74
be a simple closed curve on T4 representing the Sy factor. Let C := w1 (Ta) = (y4,7a) = Z* be
the peripheral subgroup of A := m1(X 4), where we abuse the notation and use 4,74 to denote
their corresponding elements in 71 (7T'4).

Let X p be another copy of X 4, where T’s, vp and 7 correspond to T4, v4 and 74 respectively.
For any coprime integers p, ¢, there is an orientable closed 3-manifold M, ; (not unique) obtained
by gluing T4 and Tp via a map ¢ : m(Tp) — m(Ta) = C taking vp to pya + gra. Then
m(Mp,4) is an amalgam A xc B where B := m1(Xp) and the inclusion C — B is given by

C ¢—> 1 (TB) — B.

Identify H;(C;R) with R? with (1, 0) representing [y4] and (0, 1) representing [74]. According
to Remark 6.3, scl4 and sclp induce norms on Hy(C;R) =2 CH(C)/B(C). Then the norm scls
on Hi(C;R) has an one-dimensional unit norm ball, which is the segment connecting (—2,0)
and (2,0) since sclg(va) = sclg(y) = 1/2. Similarly the unit norm ball of sclg on H;(C;R) is
the segment connecting (2p,2¢) and (—2p, —2¢). By Theorem 6.8, the unit norm ball of scly, ,
on Hi(C;R) is the convex hull of {(£2,0),+(2p,2q)} (which is already closed), which intersects

the positive y-axis at (0 when p, ¢ > 0. In this case, we have sclys,  (74) = %.

q
’ p+1)
7. SPECTRAL GAPS OF GRAPH PRODUCTS

In this section we apply Theorem 5.9 to obtain sharp gaps of scl in graph products, which
are groups obtained from given collections of groups generalizing both free products and direct
products.

Definition 7.1. Let T" be a simple graph (not necessarily connected or finite) and let {G,} be
a collection of groups each associated to a vertex of I'. The graph products Gr is the quotient of
the free product xG,, by the set of relations {[gy,9v] =1 | gu € Gu,gv € Gy, u,v are adjacent}.

Example 7.2. Here are some well known examples.

(1) If T has no edges at all, then Gr is the free product *,G,;
(2) If T is a complete graph, then Gr is the direct product ®,G,;
(3) If each G, = Z, then Gr is called the right-angled Artin group (RAAG for short) asso-
ciated to T';
(4) If each G, 2 Z/27Z, then Gr is called the right-angled Coxeter group associated to T'.
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We first introduce some terminologies necessary for the statements and proofs. Denote the
vertex set of T' by V(I'). For any V' C V(I'), the full subgraph on V' is the subgraph of T'
whose vertex set is V/ and edge set consists of all edges of T' connecting vertices in V’. Any
full subgraph A gives a graph product denoted G which is naturally a subgroup of Gr. It is
actually a retract of Gr, by trivializing G, for all v ¢ A. Denote by lk(v) the link of a vertex
v, which is the full subgraph of {w | w is adjacent to v}. The star st(v) is the full subgraph of
{v}U{w | w is adjacent to v}.

Finally, each element g € Gr can be written as a product g¢; - - - g, with g, € G,,. Such a
product is reduced if

(1) g; # id for all i, and
(2) v; # v; whenever we have ¢ < k < j such that [g;,¢¢] = id for all i < t < k and
[9¢,95] =id for all k+1 <t < j.
It is known that every nontrivial element of Gr can be written in a reduced form, which is
unique up to certain operations (syllable shuffling) [Gre90, Theorem 3.9]. In particular, any g
expressed in the reduced form above is nontrivial in Gp.

Lemma 7.3. Let Gr be a graph product. Suppose g = g1+ gm € Gr (m > 1) is in reduced
form such that for some n > 3 each g; € G,, has order at least n, 1 <i <m. Then g is n-RTF
in (Gr,Gp) for a full subgraph A C T unless v; € A for all 1 <1i < m.

Proof. We proceed by induction on m. The base case m = 1 is obvious using the retract
from Gr to G,,. For the inductive step, we show g is n-RTF in (Gr,Gp) if v1 ¢ A, and the
other cases are similar. It suffices to prove that g is n-RTF in (Gr,Ga,) where A; is the full
subgraph of the complement of vy in I" since Gp < G,, and using Lemma 5.12 (2). Consider
Gr as an amalgam A x¢ B with A = Gy y,), C = Gipp,) and B = Gj,. Then there is
a unique decomposition of g into g = a1by ---agby with a; € A and b; € B, where each q;
is a maximal subword of ¢; --- g, that stays in A — C. To be precise, there is some ¢ > 1
and indices 0 = By < a1 < 1 < - < ag < By < m, such that ¢ = a1by ---agby, where
i =98, 141" Joa; € Aand b; = go, 419, € B for 1 <i < ¢, and such that
(1) bg =id if Qyp = M,
(2) For each 1 < ¢ < ¢, we have v; € st(vq) for all §;—1 +1 < j < ¢, and v; = vy for some
Bi-1+1<j <a;;and
(3) Foreach 1 <4 < ¢ (or ¢ < £ if oy = m), we have v; # v; for all a; +1 < j < 3;, and
Vo415, Ug; ¢ St(vl)'
Since g is reduced, so are each a; and b;. Thus each a; (resp. b;, except the case by = id) is
n-RTF in (A, C) (resp. (B,C)) by the induction hypothesis, and thus g is n-RTF in (Gr, B)
by Lemma 5.16, unless ¢ = 1 and by = id. In the exceptional case we have v; € st(v1) for all
1 <@ < m, and the assertion is obvious using the direct product structure of G4 (,,) and the fact
that g = g1 -+ - g is reduced. O

Theorem 7.4. Let Gt be a graph product. Suppose g = g1+ gm € Gr (m > 1) is in cyclically
reduced form such that for some n > 3 each g; € G,, has order at least n, 1 < i < m. Then
either

1 1
1 P ——
SClar (g) =9 n’
or the full subgraph A on {v1,...,vm} in T is a complete graph. In the latter case, we have

sclgr (9) = sclg, (9) = maxsclg, (9i)-

Proof. Fix any vy, similar to the proof of Lemma 7.3, we express Gr as an amalgam A x¢ B,
where A, C and B are the graph products associated to st(vy), lk(v;) and the full subgraph
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on V(T') — {vg} respectively. If there is some v; ¢ st(vg), then up to a cyclic conjugation,
g = a1by - - apby where £ > 1, each a; and b; is a product of consecutive g;’s such that b; € B—C
and each a; € A—C is of maximal length. Since g is cyclically reduced, each a; (resp. b;) is n-RTF
in (A4,C) (resp. (B,C)) by Lemma 7.3. It follows from Theorem 5.8 that sclg.(g) > 1/2 —1/n.

Therefore, the argument above implies sclg,. (g) > 1/2 —1/n unless v; € st(vy) for all ¢, which
holds for all k£ only when the full subgraph A on {vy,...,v,;,} in T is complete. In this case, Gr
retracts to Gy = ®G,,. Then v; # v; whenever ¢ # j since g is reduced, thus the conclusion
follows from Lemma 2.3 (4). O

Remark 7.5. The estimate is sharp in the following sense. For any g, € G, of order n > 2 and
any g, € G, of order m > 2 with u not equal or adjacent to v, then the retract from Gr to

G, * G, gives
1 1

scler ([9u 90]) = scla,ua, (90, 90]) = 5 = min(m, n)

by [Chel8a, Proposition 5.6].

Theorem 7.6. Let Gr be the graph product of {G,}. Suppose for some n > 3 and C > 0,
each G, has no k-torsion for all 2 < k < n and has strong gap C. Then Gr has strong gap
min{C,1/2 — 1/n}.

Proof. For any nontrivial g € Gr written in reduced form, by Theorem 7.4, we either have
sclgr(g) > 1/2 — 1/n or sclg (g) = maxsclg, (g;) > C. O

Corollary 7.7. For n > 3, any graph product of abelian groups without k-torsion for all 2 <
k < n have strong gap 1/2 — 1/n. In particular, all right-angled Artin groups have strong gap
1/2.

Unfortunately, our result does not say much about the interesting case of right-angled Coxeter
groups due to the presence of 2-torsion.

Question 7.8. Is there a spectral gap for every right-angled Coxeter group? If so, is there a
uniform gap?

8. SPECTRAL GAP OF 3-MANIFOLD GROUPS

In this section, we show that any closed connected orientable 3-manifold has a scl spectral
gap. All 3-manifolds in this section are assumed to be orientable, connected and closed unless
stated otherwise. Throughout this section, we will use sclys to denote scl, (pr)y and use scliar,ar)
to denote scl in 71 (M) relative to the peripheral subgroups when M potentially has boundary.

8.1. Decompositions of 3-manifolds. We first recall some important decompositions of 3-
manifolds and the geometrization theorem. Every 3-manifold has a unique prime decomposition
as a connected sum of finitely many prime 3-manifolds. We call a prime 3-manifold non-geometric
if it does not admit one of the eight model geometries.

By the geometrization theorem, conjectured by Thurston [Thu82] and proved by Perelman
[Per02, Per03b, Per03al, the JSJ decomposition [JS79, JohT79] cuts each non-geometric prime
3-manifold along a nonempty minimal finite collection of embedded disjoint incompressible 2-
tori into compact manifolds (with incompressible tori boundary) that each either admits one of
the eight model geometries in the interior of finite volume or is the twisted I-bundle K over
the Klein bottle defined below. Here K is (T2 x [0,1])/o, where the involution o is defined as
o(x,t) = (7(z),1 — t) and 7 is the unique nontrivial deck transformation for the 2-fold covering
of the Klein bottle by 72. The compact manifold (with torus boundary) K is also recognized as
the compact regular neighborhood of any embedded one-sided Klein bottle in any 3-manifold.
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We will refer to such a decomposition of prime manifolds as the geometric decomposition. The
only place that it differs from applying the JSJ decomposition to all prime factors is that some
geometric prime 3-manifolds (e.g. of Sol geometry) admit nontrivial JSJ decomposition, but we
do not cut them into smaller pieces in the geometric decomposition.

Furthermore, five (S3,E3,S? x E, Nil, Sol) out of the eight geometries have no non-cocompact
lattice [Thu97, Theorem 4.7.10]. It follows that pieces obtained by a nontrivial geometric de-
composition are either K or have one of the other three geometries in the interior: H3, H? x E
or 15§I;2. o

If a compact manifold M with (possibly empty) tori boundary has H? x E or PSLy geometry in
the interior with finite volume, then it is Seifert fibered over a 2-dimensional compact orbifold B
whose orbifold Euler characteristic x,(B) < 0; see [Sco83, Theorems 4.13 and 4.15] and [Thu97,
Corollary 4.7.3]. We will introduce basic properties of Seifert fibered spaces and orbifolds in
Subsection 8.2.

We summarize the discussion above as the following theorem.

Theorem 8.1. There is a unique geometric decomposition of every prime 3-manifold M, which
1s trivial if M already admits one of the eight geometries and is the JSJ decomposition if M is
non-geometric. Moreover, if M is non-geometric, each piece N in its geometric decomposition
has incompressible tori boundary and exactly one of the following three cases occurs:

(1) N has hyperbolic geometry of finite volume in the interior,
(2) N is Seifert fibered over a compact orbifold B with x,(B) < 0, or
(3) N is homeomorphic to the twisted I-bundle K over the Klein bottle.

The minimality of the JSJ decomposition implies that the fiber directions disagree when two
boundary components from Seifert fibered pieces are glued. M being non-geometric implies that
no two pieces homeomorphic to K are glued together.

Since the tori in the geometric decomposition are incompressible, the fundamental group
7m1(M) of any non-geometric prime manifold M has the structure of a graph of groups. We refer
to the corresponding tree that 1 (M) acts on as the JSJ-tree. By basic hyperbolic geometry and
the minimality of JSJ decomposition, it is noticed by Wilton—Zalesskii [WZ10, Lemma 2.4] that
the action on the JSJ-tree has a nice acylindricity property.

Definition 8.2. For any K > 1, an action of G on a tree is K -acylindrical if the fixed point set
of any g # id € G has diameter at most K.

Lemma 8.3 (Wilton—Zalesskii). The action of any non-geometric prime 3-manifold on its JSJ-
tree is 4-acylindrical.

8.2. 2-dimensional orbifolds and Seifert fibered 3-manifolds. For our purpose, a compact
2-dimensional (cone-type) orbifold B is a compact possibly nonorientable surface with finitely
many so-called cone points in its interior. Each cone point has an order n > 2, meaning that
locally it is modeled on the quotient of a round disk by a rotation of angle 27 /n. The orbifold
Euler characteristic x,(B) is the Euler characteristic of the surface minus > (1 — 1/n;), where
the sum is taken over all cone points and n; is the corresponding order.

Only those orbifolds B with negative x,(B) will appear in our discussion, all of which have
hyperbolic structures of finite volume realizing each boundary as a cusp [DM84]. In this case,
B can be thought of as H?/T" , where T is a discrete subgroup of Isom(H?) isomorphic to the
orbifold fundamental group m (B). It follows that each element in 71 (B) of finite order acts by
an elliptic isometry such that its order divides the order of some cone point, an element acts
by parabolic isometry if and only if its conjugacy class represents a loop on the boundary, and
all other elements act by hyperbolic isometries (possibly composed with a reflection about the
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translation axis). It also follows that, a finite cover of B is a hyperbolic surface, and thus 7 (B)
is word-hyperbolic.

For any compact 2-dimensional orbifold B with x,(B) < 0, it is known that H* (7, (B);R) = 0
for all k > 2, and that H?(m;(B);R) # 0 if and only if B is closed and orientable, in which case
a generator is given by the Euler class eu(B) associated to the 71 (B) action on the circle at
infinity of the hyperbolic plane (for any fixed hyperbolic structure on B).

A compact 3-manifold M with (possibly empty) tori boundary is Seifert fibered over an orbifold
B if there is a projection p : M — B such that

(1) each fiber p~1(b) is S1,

(2) it is an S! bundle away from the preimage of cone points of B, and

(3) for each cone point b of order n, a neighborhood of p~!(b) is obtained by gluing the
bottom of a solid cylinder to its top by a rotation of angle 2mm/n for some m coprime
to n.

A fiber p=1(b) is regular if b is not a cone point. If b is a cone point of order n, we say the
fiber p~1(b) has multiplicity n. When x,(B) < 0, M is aspherical and thus 71 (M) is torsion-free
[Sco83, Lemma 3.1], and moreover 71 (M) fits into a short exact sequence

(8.1) 15Z—m(M)2 r(B) =1,

where the normal Z subgroup is generated by any regular fiber [Sco83, Lemma 3.2]. This is a
central extension if the bundle is orientable, or equivalently B is orientable since M is orientable.
Note that OM is exactly the preimage of B, and thus the Z subgroup lies in every peripheral
7?2 subgroup of 7y (M) if OM # ().

We will frequently use the map p and monotonicity of scl in our estimates. In many cases, p
actually preserves scl.

Lemma 8.4 (Calegari). Let M be a 3-manifold Seifert fibered over an orbifold B with x,(B) < 0.
Let p: (M) — 71 (B) be induced by the projection and let z € w1 (M) represent a reqular fiber.
Then scly(g) = sclp(p(g)) for all null-homologous g € w1 (M) if H?*(m1(B);R) = 0.

Proof. This is [Cal09b, Proposition 4.30] applied to the exact sequence (8.1). ]

When the base space B is closed and orientable, we need some other tools.

Lemma 8.5. Let M be a closed 3-manifold Seifert fibered over an orientable orbifold B with
Xo(B) < 0. Let p: (M) — w1(B) be induced by the projection and let z € w1 (M) represent a
regular fiber. Then p* : H?(my(B);R) — H?(M;R) vanishes if [z] = 0 € H(M;R).

Proof. Fix a hyperbolic structure on B. Recall that the Euler class eu(B) generates H? (1 (B); R).
If [z] = 0, then p* : H'(m1(B);R) — H(M;R) is an isomorphism by the exact sequence (8.1).
For any o € H'(M;R), there is some o(B) € H'(m(B);R) such that 0 = p*o(B). Since
H3(m(B);R) = 0, we have

oUp*eu(B) =p*(c(B)Ueu(B)) =0
for all o € H'(M;R). Therefore p*eu(B) = 0 by the Poincaré duality. O

Lemma 8.6. Suppose the Euler class eu associated to an action p : G — Homeo™t (S1) is an n-
torsion element in H?(G;Z), then there is a subgroup Go < G of index n such that the restricted
action of Gq lifts to an action on R with rotation quasimorphism rot. Then ¢(g) := rot(g"™)/n
defines a homogeneous quasimorphism on G of defect D(¢) > D(rot) such that the bounded Euler
class eup = 0.
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Proof. Associated to the short exact sequence of trivial modules 0 -+ Z — R — R/Z — 0, the
long exact sequence of cohomology gives

HYG;R/Z) % H*(G;Z) — H%(G;R).

Since eu has order n, there is a homomorphism f € H'(G;R/Z) such that df = eu, which can be
chosen to have order n as well. Thus f(G) = (£Z)/Z = Z/n. Let G :=ker f and let i : Gy — G
be the inclusion. Then the Euler class associated to the induced action by Gy is i*eu = di* f = 0.
Hence the action of G lifts to an action on R, and the rotation quasimorphism rot € Q(Gy)
satisfies drot = i*eu;, where ey, is the bounded Euler class associated to the action p. Here the
map 0 is shown in the following diagram with exact rows and columns, where all cohomology
groups have R coefficients.

Q(Z/n) =0 HZ(Z/n) =0
HY(G) 9(@) g H2(mG) —<— H2(G)
HY(Go) ——— Q(Gy) —2— HE(mGo) —— H2(Go)

The first vertical map is an isomorphism since G has finite index in G. Since the Euler class eu
vanishes in H2(G;R), there is a quasimorphism ¢ € Q(G) such that eu, = d¢. A simple diagram
chasing shows that ¢ can be chosen so that i*¢ = rot. Hence ¢(g) = %rot(g”) for all g and
D(¢) > D(rot). O

Lemma 8.7. Let M be a closed 3-manifold Seifert fibered over an orientable orbifold B with
Xo(B) < 0. Let p: (M) — m1(B) be induced by the projection and let z € w1 (M) represent
a regular fiber. Suppose [z] = 0 € Hy(M;R). Then there is ¢ € Q(m1(M)) with the following
properties:

(1) ¢(z) #0,
(2) there is some k € Z. such that ¢(g) € +7Z whenever p(g) is of infinite order, and
(3) ¢ and the image of Q(w1(B))/H (71 (B)) under p* span Q(w1(M))/H(m1(M)).

Proof. By Lemma 8.5, p* : H?(m(B);R) — H?(M;R) vanishes since [z] = 0 € H;(M;R).
Fix a hyperbolic structure on B and let eu(B) (resp. euy(B)) be the (resp. bounded) Euler
class associate to the action on OHZ?. Then p*eu(B) = 0 € H?(M;R), that is, the Euler class
associated to the induced 71 (M) action on the circle is k-torsion for some k. By Lemma 8.6, we
have a quasimorphism ¢ € Q(m(M)) such that p*eu,(B) = d¢. If p(g) is of infinite order, then
it acts on H? by a hyperbolic or parabolic isometry and thus has fixed points on the circle, and
so does p(g¥). Thus by the construction of ¢, we have ¢(g) € %Z. Moreover, in our situation
the manifold M has PSL, geometry, which implies that ¢(z) = %rot(zk) #0.

Finally, similar to the proof of [Cal09b, Proposition 4.30], we have the following diagram with

exact rows and columns, where all (bounded) cohomology groups are in R coefficients:
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0

|

0 —— Q(m B)/H (mB) —>— H2(m\B) —“— H*(m B)

e | I+

0 —— Q(mM)/H" (mM) —>— H2(myM) —— H2(M)

|

H2(Z) =0

For any f € Q(miM)/H' (w1 M), there is some o € HZ(m B) such that p*o = §f. Since eu(B)
generates H2(myB) and c(euy(B)) = eu(B), we can write o = §¢ + teuy(B) for some ¢ € R and
Y € Q(m1 B)/H (71 B). Thus

O(f —p*h — td) = p"(6¢ + teuy(B)) — 6p™¢ — tp*euy(B) = 0.
This shows that f = p*y — t¢ and finishes the proof. O

See [Sco83] for a more detailed introduction to orbifolds, Seifert fibered spaces, and their
relation to the eight geometries.

8.3. Gaps from hyperbolicity. We will need a few tools for our estimates. The first is the
following spectral gap theorem of word-hyperbolic groups, which is a corollary of [CF10, Theorem
A’].

Theorem 8.8 (Calegari-Fujiwara). Let G be a §-hyperbolic group with a finite generating set S.
Fiz finitely many group elements {a;}. Then there is a constant C = C(6,|5|,{a;}) such that,
for any g € G satisfying

(1) there is no n > 1 such that g" is conjugate to g~™ in G; and

(2) there is no m,n # 0 and index i such that g" is conjugate to al™,

we have scliq, 4)(g9) > C, where A is the collection of cyclic groups (a;).

Proof. Since {a;} is a finite collection, we automatically have a uniform bound T on their trans-
lation lengths. Thus this follows from Theorem 2.12 (3). O

Their technique also has applications to groups acting on hyperbolic spaces. The special case of
action on trees is carried out carefully by Clay—Forester—Louwsma [CFL16] to make the estimate
explicit. We will use the following theorem from [CFL16, Theorem 6.11]. Note the potential
confusion that a K-acylindrical action by our definition is (K + 1)-acylindrical in [CFL16], and
the statement below has been tailored for our use.

Theorem 8.9 (Clay—Forester—Louwsma). Suppose G acts K-acylindrically on a tree and let N
be the smallest integer greater than or equal to (K 4 3)/2. If g € G 1is hyperbolic, then either
sclg(g) > 1/12N or sclg(g) = 0. Moreover, the latter case occurs if and only if g is conjugate to
g "

The last tool is a strengthened version of Calegari’s gap theorem for hyperbolic manifolds
[Cal08, Theorem C].

Theorem 8.10 (Calegari). Let M be a complete hyperbolic manifold of dimension m. Then for
any k > 0, there is a constant §(k, m) > 0 such that for any hyperbolic element o € w1 (M) with
sclaronn) (@) < 0, the unique geodesic loop y representing o has hyperbolic length no more than
K.
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Proof. The proof of the original theorem [Cal08, Theorem C] written in [Cal09b, Chapter 3]
works without much change. We briefly go through it for completeness.

Let S be a relative admissible surface for « of degree n. By simplifying S, we may assume
S to be a pleated surface and —x(S)/n = —x~(S)/n. That is, S is a hyperbolic surface of
finite volume with geodesic boundary, the map f : .S — M takes cusps into cusps and preserves
the lengths of all rectifiable curves, and each point p € S is in the interior of a straight line
segment which is mapped by f to a straight line segment. The nice properties that we will use
are area(S) = —2mx(S) and f preserves lengths, in particular length(9S) = n - length(y).

Choose € small compared to the 2-dimensional Margulis constant and length(y), and take the
thin-thick decomposition of DS, where DS is the double of S along its geodesic boundaries. Let
D Sinick (resp. DSinin) be the part with injectivity radius > 2¢ (resp. < 2¢), and let Sinick (resp.
Sthin) be S N DSihick (resp. S N DSihin). Then Sihin is a union of cusp neighborhoods, open
embedded annuli around short simple geodesic loops, and open embedded rectangles between
pairs of geodesic segments of 35S which are distance < e apart at every point. FEach such a
rectangle doubles to an open annulus in DSihi,. Let r be the number of rectangles and a be
the number of annuli in Si,i,, then there are 2s + r annuli in D Syin, which are disjoint and
non-isotopic. Hence 2s + r is no more than the maximal number of disjoint non-isotopic simple
closed curves on DS, and thus

r<2s+r< fgx(DS) = —3x(9).

For convenience, add the cusp neighborhoods and open annuli of Sipin back to Sinick so that
Sthin consists of r thin rectangles. By definition, the €¢/2-neighborhood of the geodesic boundary
in Sihick 18 embedded, and thus

—27x(S) = area(S) > area(Sthick) > %length(aS M Sthick)-

Since each component of Sy, intersects 95 in two components, there are at most —6x/(.5)
components of S5 N Synin, while their total length
—4mx(5)
length(9S N Sthin) = length(9S) — length(AS N Sthick) > n - length(y) — ———=.
€
Therefore, at least one component o of 95 N Sinin satisfies

n - length(y) — _ZL%M _n-length(y) 27

—6x(5) S 6x(S) 36

On the other hand, length(o) cannot be much longer than length(«), otherwise we will have
two long anti-aligned geodesic segments on v, which according to the Margulis lemma would
violate either the discreteness of 71 (M) or the fact that there are no order-2 elements in m (M).
More precisely, choosing e small in the beginning so that 4e is less than the m-dimensional
Margulis constant, it is shown in the original proof of [Cal09b, Theorem 3.9] that

length(c) >

length(c) < 2 - length(vy) + 4e.
Combining this inequality with our earlier estimates, we have
n-length(y) 27
2 - length 4e > ——=2 2
ength(7) +4de = —— 7=~ 50

or equivalently
n 27
———  — 2 ) length(y) < 4e + —.
(o ~2) ey <4
The result follows since € is a constant depending only on the dimension m. O
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8.4. Estimates of scl in 3-manifolds. The main theorem of this section is the following gap
theorem.

Theorem 8.11. For any 3-manifold M, there is a constant C = C(M) > 0 such that for any
g € m (M), we have either scly(g) > C or sclpy(g) = 0.

The size of C does depend on M, but we will locate elements with scl less than 1/48 and
classify those with vanishing scl in Theorem 8.28.

As for concrete examples of elements with small scl, one can perform Dehn fillings on a knot
complement to produce a sequence of closed hyperbolic 3-manifolds and loops with hyperbolic
lengths and stable commutator lengths both converging to 0; see [CF10, Example 2.4]. Here we
give a different example among graph manifolds.

Example 8.12. Consider the manifolds M, , in Example 6.14 with p = 1 and ¢ € Z. The
image of the loop 74 has positive scl 2/¢ converging to 0 as ¢ goes to infinity. In this example,
the geometric decomposition is obtained by cutting along the image of the torus T4, where the
resulting manifolds X 4 and Xp are both trivially Seifert fibered and admit H? x E geometry of
finite volume in the interior.

By Lemma 2.5, it suffices to estimate scl of loops in each prime factor. We will treat the
fundamental group of a prime manifold as a graph of groups with Z? edge groups according to
the geometric decomposition. We first establish scl gaps of vertex groups relative to adjacent
edge groups, which would help us estimate scl in the vertex groups by Lemma 2.7.

Lemma 8.13. Let M be a compact 3-manifold with tori boundary (possibly empty). Suppose the
interior of M is hyperbolic with finite volume. Then w1 (M) has a strong spectral gap relative to
the peripheral subgroups. Moreover, scliaranr)(g) = 0 happens if and only if g conjugates into
some peripheral subgroup.

Proof. If g conjugates into some peripheral subgroup, then obviously scl(as,0a)(9) = 0. Assume
that this is not the case. Let k(M) > 0 be a constant so that any geodesic loop in M has length
at least 5. Then there is a constant 0 > 0 by Theorem 8.10 such that scl(ys,0ar)(g) > ¢ for all
such g. O

A similar result holds for the Seifert fibered manifolds. Here we deal with the case where
the manifold has nonempty boundary. See Theorem 8.27 for the case of closed Seifert fibered
manifolds.

Lemma 8.14. Let M be a compact 3-manifold with nonempty tori boundary Seifert fibered over
an orbifold B such that x,(B) < 0. Then (M) has a spectral gap relative to the peripheral
Z2-subgroups. Moreover, let z represent a regular fiber, then there is a constant Ky; > 0 such
that sclinr,onr)(g) = 0 if and only if one of the following cases occurs:

(1) g conjugates into some peripheral subgroup;

(2) g" = z™ for some n > 0 no exceeding the maximal order of cone points on B and some
m € 7Z; or

(3) p(g) is conjugate to p(g~') in w1 (B) and sclpr(g?> — 2™) = 0 for some m € Z, where
p:m (M) — m(B) is the projection map.

Proof. Since B has nonempty boundary, Lemma 8.4 implies that H?(m1(B);R) = 0 and p pre-
serves scl . That is, for any g € (M), either sclps(g) = oo or scly(g) = sclp(p(g)). Let z
represent a regular fiber.

If p(g) is of finite order n, then by the exact sequence (8.1), we have z™ = g™ for some integer
m, where n divides the order of some cone points on B by the structure of m1(B). We have
scl(a,00)(g9) = 0 since z is peripheral.
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Suppose p(g) is of infinite order in the sequel. As we mentioned earlier, m(B) is word-
hyperbolic and has a discrete faithful action on the hyperbolic plane with finite volume quotient
B. Then p(g) either acts as a parabolic isometry or acts as a (possibly orientation-reversing)
hyperbolic isometry.

(1) If p(g) is parabolic, then it conjugates into a peripheral Z-subgroup of m(B), which
implies that g conjugates into a peripheral Z? subgroup of (M) and scl(ar,00r)(9) = 0.

(2) If p(g) is hyperbolic and hp(g")h=t # p(g~™) for any n # 0 and h € 71(B). Fix a
generator g; for each peripheral subgroup of m1(B). Since p(g) acts as a hyperbolic
isometry, hp(g")h=1 # g™ for any m,n # 0 and any h € 71(B). Then Theorem 8.8
implies scl g 93 (p(g)) > C for a constant C' = C(B), where scl(p ) denotes scl of 71 (B)
relative to its peripheral Z subgroups. This implies scla,0ar)(9) > scl(g,am)(p(9)) > C
by monotonicity of relative scl.

(3) If p(g) is hyperbolic and hp(g™")h=1 = p(g~™) for some n > 1 and h € 71(B). Then h
must interchange the two endpoints of the axis of p(g), and thus hp(g)h~! = p(g~1).
This implies ﬁgiflg = 2™ for some h € m (M) and m € Z. Hence the chain g — 3z
is null-homologous. Since p preserves scl and p(g) is conjugate to its inverse, we have
scla (g — 5 2) = sclp(p(g)) = 0. Since z is peripheral, we conclude that sclas,011)(g9) = 0
in this case.

Combining the cases above, any g € (M) either has sclaz,aar)(g) > C or scliar,ann)(g) = 0.
Moreover, if sclaz,oar)(g) = 0, then

(1) either p(g) is of finite order and g™ € (z) for some n > 0 no exceeding the maximal order
of cone points on B;
(2) or p(g) is of infinite order and
(a) p(g) is parabolic, which implies that g conjugates into some peripheral subgroup; or
(b) p(g) is hyperbolic, p(g) is conjugate to p(g~!), and sclps(g? — 2™) = 0 for some
m € Z.

O

Remark 8.15. In the proof above, the gap C comes from the spectral gap of scl in 2-orbifolds
relative to nonempty boundary, which can be made uniform and explicit with C = 1/24.

Next we control scl of integral chains in the edge spaces in the geometric decomposition of a
prime manifold (Theorem 8.20). We need the following two lemmas and their corollaries.

Lemma 8.16. Let M be a compact 3-manifold with boundary consisting of tori T and T;, i € I
(I could be empty). Suppose the interior of M is hyperbolic with finite volume. Then there exists
C > 0 such that scliprg1,3)(9) > C for any g # id € m(T).

Proof. By the hyperbolic Dehn filling theorem [Thu78, Theorem 5.8.2], we can fix two different
Dehn fillings of the end 1" such that the resulting manifolds M; and Ms are both hyperbolic with
cusp ends T;, i € I. For any g # id € m1(T), it is a nontrivial hyperbolic element in at least one
of m (My) and 71 (Msz). Thus the result follows from Lemma 8.13 and monotonicity. O

Corollary 8.17. Let M be a compact 3-manifold with boundary tori T; (i € I). Suppose the
interior of M is hyperbolic with finite volume. Then for any chain ¢ of the form > ._; t;g; with
t; € R and g; # id € m(T;), we have scly(c) > 0 unless t; =0 for alli € 1.

iel

Proof. Suppose t; # 0 for some j, then Lemma 8.16 provides a constant C; > 0 such that

sl (Y tigi) > [ti] - sclar (1), (95) > [£5]C5 > 0.
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Lemma 8.18. Let M be a compact 3-manifold with boundary consisting of tori T and T;, i € T
(I could be empty). Suppose M is Seifert fibered with bundle projection p : M — B where B
is an orbifold with x,(B) < 0. Then there exists C > 0 such that sclias¢7,3)(9) > C for any
g € m(T)\ ker p.

Proof. We have the short exact sequence (8.1). Consider any g € 71(T)\ ker p. Fix any hyperbolic
structure of B realizing boundaries as cusps. Then p(g) is a parabolic element. We know
hp(g™)h=t # p(g~™) for any h € m;(B) and any n # 0 since otherwise h must be a hyperbolic
reflection, which cannot appear in 71 (B). Since different boundary components of B cannot be
homotopic and 1 (B) is é-hyperbolic, Theorem 8.8 implies the existence of C' > 0 such that

scliar (1)) (9) = scl(s,pry) ((9) > C
for all g € m1(T)\ ker p. O

In the lemma above, one can work out an explicit uniform bound C' = 1/12 by expressing
m1(B) explicitly as a free product of cyclic groups.

Corollary 8.19. Let M be a compact 3-manifold with nonempty boundary tori T; (i € I).
Suppose M is Seifert fibered with bundle projection p : M — B where B is an orbifold with
Xo(B) < 0. Then for any chain c of the form } ., tig; with t; € R not all zero and g; # id €
m1(T3), we have sclyr(c) = 0 if and only if g; € kerp for alli € I and [¢] =0 € Hi(M,R).

Proof. If g; ¢ ker p for some j, then Lemma 8.18 provides a constant C; > 0 such that

sl (> tigi) > || - selarqmiyosy) (95) > [£]C5 > 0.

Suppose g; € kerp for all i € I. Note that H?(m;(B);R) = 0 and p preserves scl by Lemma 8.4
since B has boundary. Hence if [¢] = 0 € H1(M,R), then sclys(¢) = sclp(p(c)) = sclp(0) =0. O

Theorem 8.20. Let M be a non-geometric prime 3-manifold. Let T be the collection of tori in
the JSJ decomposition of M. Then there is a constant Cy; > 0 such that, for any integral chain
c= Y rergr with gy € 7 (T) = 72, we have either sclys(c) = 0 or sclyr(c) > Cyr. Moreover, if
¢ is a single loop supported in a JSJ torus T, then sclyr(c) = 0 if and only if one of the following
cases occurs:

(1) T is the boundary of a twisted I bundle K over the Klein bottle such that ¢ is null-
homologous in K ;

(2) ¢ =2z™ for some m € Z, where z represents a reqular fiber in a Seifert fibered piece N so
that either the base space B is nonorientable or at least one boundary component of N
is glued to a twisted I-bundle K over the Klein bottle in the JSJ decomposition so that
the reqular fibered is glued to a null-homologous loop in K ;

(3) T identifies boundary components 91 C N1,02 C No of (possibly the same) pieces N1, Na,
and ¢ = ab, such that either (a, N1) and (b, Na) are as in case (1) or (2), or Ny = N is
Seifert fibered with regular fiber represented by z so that a = 2™ and b = z="™ for some
m € Z.

Proof. As we mentioned earlier, the geometric decomposition endows 1 (M) with the structure
of a graph of groups, where the vertex groups are the fundamental groups of geometric pieces N/
and the edge groups are the fundamental groups of those tori 7 we cut along.

For each N € N, let Vy = @reyn Hi(T;R) and equip it with the degenerate norm
|(hr)rean|In = scln (Do rcon hr) where hy € Hi(T). Then @y Vv is naturally equipped
with || - [|1, the ¢*-product norm of all || - ||x. As we observed in Section 6, @y Vv =
DrerHi(T;R) @ Hi(T;R)]. Let Vi := @y Hi(T;R). Piecing together the addition maps

Hy(T;R) & Hy(T;R) & Hy(T;R) over all T € T gives a projection 7 : D nen VN — Vi, which
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equips Vr with the quotient norm || - || of || - ||;. By Corollary 6.7 and Remark 6.3, we have
l(hr)|| = sclar (37 hr) for any hr € Hi(T). If N is the twisted I-bundle over the Klein bottle,
then a loop on its boundary has vanishing scl if and only if it is null-homologous since the fun-
damental group of the Klein bottle is virtually abelian. Combining this with Corollary 8.17 and
Corollary 8.19, we note that the vanishing locus of || - | y on Vi is rational for each N € A/. Thus

the vanishing locus of || - ||; is also rational since it is the direct sum over all N of the vanishing
locus of || - ||y on V. Then its image under the projection 7 is rational, which is exactly the
vanishing locus of || - ||. Hence by Lemma 6.6, the desired constant Cs exists.

Suppose c is a single loop with sclys(¢) = 0. Then there is some (vn) € @ yepr Vv such that
7m(v,) = ¢ and |joy||ny = 0 for all N. By Corollary 8.17, we have vy = 0 for all hyperbolic
pieces N. By Corollary 8.19, each vy is a sum of fibers on the boundary components of N with
[vn] =0 € H1(N;R) for all Seifert fibered pieces N. Finally, vy is a null-homologous loop in N
if N is the twisted I-bundle over the Klein bottle. Combining these with the minimality of JSJ
decomposition and the fact that M is non-geometric, we obtain the classification of such loops ¢
via a case-by-case study. g

The size of Cjy is not explicit in Theorem 8.20. We notice from Example 8.12 that Cj; could
be very small and depends on how the geometric pieces are glued together.

Theorem 8.21. Let M be a non-geometric prime 3-manifold. Then for each geometric piece
N obtained from the JSJ decomposition of M, there is a constant C > 0 such that for any g
representing a loop in N, we have either scly(g) = 0 or scly(g) > Cn.

Proof. Endow 71 (M) with the structure of a graph of groups from the geometric decomposition,
then g conjugates into the vertex group m(NN). The boundary of N consists of a nonempty
collection of tori. Let Cj; be the bound for integral chains supported in the edge groups from
Theorem 8.20. There are three cases:

(1) the interior of N is hyperbolic with finite volume. If g conjugates into a peripheral
subgroup of 71 (NN), then our control on edge groups shows that either scly(g) = 0 or
sclar(g) > Chr. If g does not conjugate into any peripheral subgroup of 71 (V), then by
Lemma 5.2 and Lemma 8.13, there exists C' > 0 such that sclys(g) > sclvany(g) > C
for all such g. Thus the conclusion holds with Cy := min(C, Cjy) in this case.

(2) N is Seifert fibered over an orbifold B such that x,(B) < 0. By Lemma 8.14, there is
a constant C' = C(N) such that either scl(y,on)(g) > C or scly on)(g9) = 0. Moreover,
scl(n,omn) (9) = 0 only occurs in two cases:

(a) either g™ conjugates into some peripheral subgroup of 71 (N) for some n > 0 not
exceeding the maximal order Oy of cone points on B, then by our control on the
edge groups, either sclys(g) = 0 or scly(g) > Cr/On;

(b) or scly(g? — 2™) = 0 for some integer m, where z is a generator of kerp = Z and
p: m(N) — 7 (B) is the projection map. In this case, by monotonicity, we have
sclar(g? — 2™) = 0 and scly(g) = l—gblsclM(z). If m = 0 or scly(z) = 0, then
sclas(g) = 0; otherwise, sclas(g) > sclpr(z)/2 > Car/2.

In summary, we may choose Cy := min(C, Cp;/On,Chr/2) in this case.

(3) N is homeomorphic to the regular neighborhood K of a one-sided Klein bottle. Then g?
is conjugate to an edge group element, and thus either sclys(g) = 0 or sclys(g) > Cn =
Ch/2.

O
Finally, we control scl of hyperbolic elements using Theorem 8.9.
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Lemma 8.22. For any non-geometric prime 3-manifold M and any g € 71 (M) that is hyperbolic
for the action on the JSJ-tree, either sclpr(g) > 1/48 or g is conjugate to its inverse, in which
case sclp(g) = 0.

Proof. By Lemma 8.3, the action of m1(M) on the JSJ-tree is 4-acylindrical, thus the result
follows from Theorem 8.9 with K =4 and N = 4. |

The bound can be improved by Theorem 5.9 if certain pieces does not appear in the geometric
decomposition. This is done by verifying the 3-RTF condition using geometry.

Lemma 8.23. Let M be a compact 3-manifold with tori boundary and let T be a boundary
component. Suppose either the interior of M is hyperbolic with finite volume, or M is Seifert
fibered over an orbifold B such that x,(B) < 0 and B has no cone points of order 2. Then m1(T)
is 3-RTF in m (M).

Proof. We focus on the case where M is Seifert fibered. We will use the exact sequence (8.1)
again. Note that 71 (B) acts discretely and faithfully on the hyperbolic plane such that, up to a
conjugation, H := p(m1(T)) is a subgroup of

P:—{[(l) ﬂ :xeR}N(R,Jr)

in PGLy(R) = Isom(H?). As a result, each h € H has a unique square root vh € P, i.e.
(v/h)? = h. Also note that P N7y (B) = H.

To show that 71 (T) is 3-RTF in 7, (M), it suffices to show that H is 3-RTF in m;(B). Suppose
g € m1(B) satisfies ghyghga = id for some hy, he € H. We need to show g € H. Let h* := \/hi1hg €
P and g* := gh* € Isom(H?). Then we have

(6) 1= (h)"tg = (") Thaghe = (W) tha)g™ (") tha) ™,
where the last equality uses the fact that P is abelian. We have three cases:

(1) g* fixes some point in H2. Then the fixed point set is a geodesic subspace X in H?2, which

must be preserved by (h*)~1h; € P. This is impossible unless
(1a) (h*)~thy = id; or
(1b) X = H2.
In the first subcase, we get h* = hy = hy and g* = (¢*)~!, but now g* = gh* = gh is
an element of 71 (B), which contains no 2-torsion since B has no order 2 cone points. So
g* =id and g = h~! € H. In the second subcase, we have g* = id, i.e. g = (h*)~! which
lies in PNy (B) = H.

(2) g* is parabolic. Then g* fixes a unique point on OH? fixed by (h*)~'hy. So either
(2a) (h*)~thy =id; or
(2b) ¢* fixes the unique fixed point of P.

The first subcase (2a) is similar to (1a). In the second subcase, we have g* € P, and
thus g = g*(h*)~' € PN (B) = H.

(3) g¢* is hyperbolic, possibly further composed with a reflection across the axis of translation.
Then (h*)~1h; must switch the two unique points on H? fixed by g*, which is impossible
since (h*)~1h; is parabolic.

For the case where the interior of M is hyperbolic with finite volume, a similar argument
works by replacing Isom(H?) by Isom™ (H?). This is even easier since M is orientable and 7 (M)

is torsion-free, and thus we omit the proof.
O

We do not know if the result above is optimal.
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Question 8.24. Is there some n > 3 such that for any hyperbolic 3-manifold M of finite volume
with tori cusps, every peripheral subgroup of m1 (M) is n-RTF?

It is essential in Lemma 8.23 to assume that the orbifold B has no cone points of order 2, since
otherwise an element representing the fiber over a cone point of order 2 squares to an element
representing a regular fiber, which lies in peripheral subgroups. The analogous statement of
Lemma 8.23 does not hold for the twisted I-bundle K over a Klein bottle with respect to its torus
boundary, since the peripheral Z? subgroup has index two in 71 (K) which is the fundamental
group of the core Klein bottle.

Excluding these pieces in a non-geometric prime 3-manifold, the bound in Lemma 8.22 can
be improved to 1/6.

Lemma 8.25. Suppose M is a non-geometric prime 3-manifold where none of the pieces in its
geometric decomposition is the twisted I-bundle over a Klein bottle or Seifert fibered with a fiber
of multiplicity two. Then any g € 1 (M) acting hyperbolically on the JSJ-tree has scly(g) > 1/6.

Proof. This is simply a combination of Lemma 8.23 and Theorem 5.9. d

Now we are in a place to prove a gap theorem for prime manifolds. We will first focus on the
case of non-geometric prime 3-manifolds.

Theorem 8.26. Let M be a non-geometric prime 3-manifold. Then there is a constant C =
C(M) > 0 such that either scly(g) > C or scly(g) = 0 for any g € m(M). Moreover, if
sclg(g) < 1/48, then either g is conjugate to ils inverse or it is represented by a loop supported
in a single piece of the geometric decomposition of M .

Proof. Endow 1 (M) with the structure of a graph of groups according to the geometric decom-
position, where the vertex groups are the fundamental groups of geometric pieces N and the
edge groups are the fundamental groups of those tori 7 we cut along. By Lemma 8.22, if ¢ is
hyperbolic, then either g is conjugate to its inverse and sclg(g) = 0, or sclg(g) > 1/48.

On the other hand, by Theorem 8.21, there is a constant C > 0 for each geometric piece N
such that, if g conjugates into 71 (V) then either sclys(g) > Cn or sclas(g) = 0.

Combining the two parts above, for any g € 71 (M), we have either sclps(g) = 0 orsclp(g) > C,
where C':= min{1/48,Cn} > 0 with N ranging over all geometric pieces of M. d

For geometric prime manifolds, those with H2 x E or ﬁéiz geometry need additional attention.

Theorem 8.27. Let M be a prime 3-manifold with H? x E or P’éig geometry. So M is Seifert
fibered over some closed orbifold B with x,(B) < 0. Then there is a constant C = C(M) > 0
such that either sclys(g) > C orscly(g) =0 for any g € m(M). Moreover, sclpy(g) = 0 if and
only if
(1) either B is nonorientable and g"hg™h~' represents a multiple of the regular fiber for
some h € m (M) andn € Z,
(2) or g"hg"h~t =id for some h € (M) andn € Z..

Proof. Let z € w1 (M) represent a regular fiber, and let p be the projection in the short exact
sequence (8.1). By Theorem 2.12 and the fact that 71 (B) is word-hyperbolic, there is some
C(B) > 0 such that either sclp(g) > C(B) or sclp(g) = 0 for g € m1(B). Hence by monotonicity,
sclar(g) > sclp(p(g)) > C(B) unless sclp(p(g)) = 0. Moreover, the latter case occurs if and only
if there is some n € Z,,m € Z and h € 71 (M) such that g"hg"h=1 = z™.

If B is nonorientable, then H?(r;(B);R) = 0 and p preserves scl. Moreover, the bundle must
be nonorientable and z is conjugate to z~!. Thus [g] = m[z]/2n = 0 € H{(M;R). So we have
sclar(g) =0 if sclp(p(g)) = 0.

Suppose B is orientable. Consider two cases:
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(1) Suppose [z] # 0 € H;(M;R). Then g"hg"h~! = 2™ implies 2n[g] = m[z] € H(M;R).
If m = 0, then g™ is conjugate to g~™ and thus sclps(g) = 0. If m # 0, then [g] # 0 €
H{(M;R) and thus scly/(g) = co.

(2) Suppose [z] =0 € H;(M;R). Then p* : H*(m1(B);R) — H?(M;R) vanishes by Lemma
8.5. Fix a hyperbolic structure on B and let eu(B) (resp. euy(B)) be the (resp. bounded)
Euler class associate to the action on OH?. Then p*eu(B) = 0 € H?>(M;R), and Lemma
8.7 implies that p*eu,(B) = d¢, where ¢ € Q(m1 M) and there is some k € Z such that
¢(g) € $Z if p(g) is hyperbolic. Moreover, Q(m1M)/H* (w1 M) is spanned by ¢ and the
image of Q(m1B)/H! (71 B) under p*, and we have ¢(z) # 0.

Now consider any g € 71 (M) with [g] =0 € H1(M;R) and sclp(p(g)) = 0. If p(g) is
elliptic, then g™ = 2™ for some m # 0 and 1 < n < N, where N is the largest order of
cone points in B. Thus scly(g) > +scla(z) > 0 since ¢(z) # 0. If p(g) is hyperbolic,
then ¢(g) € +Z, which leads to two subcases:

(a) Suppose ¢(g) = 0. Since sclp(p(g)) = 0, we have ¥(p(g)) = 0 for all ¢ €
Q(mB)/H'(m1B). Thus we have f(g) = 0 for all f € Q(mM)/H'(m M), and
thus sclys(g) = 0 by Bavard’s duality. In this case, since g™ = hg~"h~12z™ and z
is central, we have né(g) = ¢(hg "h™1) + ¢(2™) = —nd(g) + me¢(z). This implies
m = 0 since ¢(g) = 0 and ¢(z) # 0, thus g"hg"h~! = id.

(b) Suppose 6(g) # 0, then sclyy(g) > L0l > 1

In summary, letting

min { C(B), ) __1 if B is orientable and [2] = 0 € H{(M;R),
o { 152, ) =oenns

min § C(B), m} otherwise,
we have either scly(g) > C(M) or sclp(g) =0 for all g € w1 (M). O
Now we prove Theorem 8.11.

Proof of Theorem 8.11. The prime decomposition splits 7 (M) as a free product. By Lemma
2.5, we have either sclys(g) > 1/12 or sclpr(g) = 0, unless + is supported in a single prime factor
up to homotopy. Thus it suffices to prove the result for any prime manifold. There are two cases:
(1) If a prime manifold M itself admits one of the eight geometries, then either 71 (M) is
amenable (actually virtually solvable [Thu97, Theorem 4.7.8]), or M has H?, H? x E or
f’é/Lg geometry. In the former case, scl vanishes and the spectral gap property trivially
holds. For the latter case, Lemma 8.13 (the empty boundary case) and Theorem 8.27
imply the spectral gap property.

(2) If M is a non-geometric prime manifold, we have proved the result in Theorem 8.26.

O

Moreover, following the proof above, we can classify elements whose scl vanish and list the
sources of elements with scl less than 1/48.

Theorem 8.28. For any 3-manifold M, if a null-homologous element g € w1 (M) represented
by a loop v has sclyr(g) < 1/48, then one of the following cases occurs:
(1) there is some n € Zy and h € m (M) such that g"hg"h™' = id;
(2) v up to homotopy is supported in a prime factor of M that admits S®,E3,S? x E, Nil,
or Sol geometry of finite volume;
(3) 7 up to homotopy is supported in a piece with H® geometry of finite volume in the (possibly
trivial) geometric decomposition of a prime factor of M, such that the geodesic length of
v s less than a universal constant C;
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(4) v up to homotopy is supported in a piece N with H?> x E or P/giq geometry of finite
volume in the (possibly trivial) geometric decomposition of a prime factor of M, such
that scl(p.opy(p(g)) < 1/48, where p : T (N) — w1 (B) is the projection induced by the
Seifert fibration of N over an orbifold B;

(5) g% is represented by a loop in a torus of the JSJ decomposition of a prime factor of M;

(6) g is represented by a loop that is null-homologous in a twisted I-bundle K over the Klein
bottle.

Moreover, sclpr(g) = 0 if and only if we have cases (1), (2), (6) or the following two special cases
of (4) and (5):

(4*) g"hg"h~! = 2* for somen >0, { € Z and h € 7 (N), where z represents a regular fiber,
so that either the base space B is nonorientable or N is glued to a twisted I-bundle K over
the Klein bottle in the JSJ decomposition such that z is identified with a null-homologous
loop in K;

(5%) g% is represented by a loop in a JSJ torus that identifies boundary components 0y C
Ni1,0y C Ny of (possibly the same) pieces N1, Na, and g*> = ab so that either a € 71(Ny)
and b € w1 (Na) represent regular fibers as in case (4*) above or loops as in case (6), or
Ny = Ny is Seifert fibered with regular fiber represented by z so that a = 2™ and b= z"™
for some m € Z.

Proof. Suppose scly(g) < 1/48. If g"hg"h~! = id for some h € 71 (M) and n € Z,, then
sclar(g) = 0. Assume this is not the case in the sequel. Then v up to homotopy is supported in
a prime factor My by Lemma 2.5.

If My has one of the five geometries in case (2), then sclas(g) = scla, (g) = 0 since 71 (Mo) is
amenable.

If My has hyperbolic geometry, then sclps(g) < 1/48 implies that v has geodesic length no more
than a universal constant C by (the proof of) Theorem 8.10. Moreover, sclys(g) = sclas, (g) > 0
since g # id.

If My has H? x E or 1;§i42 geometry, then My is Seifert fibered over a closed orbifold B with
Xo(B) < 0. The monotonicity of scl implies that sclp(p(g)) < 1/48 where p : w1 (Mo) — m1(B) is
the projection induced by the Seifert fibration. Moreover, by Theorem 8.27, the case scly/(g) =0
occurs only if we have case (1) or (4%).

Now suppose My has a nontrivial geometric decomposition. By Theorem 8.26 and our as-
sumption, v up to homotopy is supported in some piece N of the JSJ decomposition of Mj.
Suppose v is homotopic to a loop in a JSJ torus T, then by Theorem 8.20, sclys(g) = 0 only
occurs if we have case (4*%) with n = 1 and h = id, case (5*%), or case (6).

Suppose - is not homotopic to a loop in a JSJ torus. Then depending on the type of N we
have three cases:

(a) If N has hyperbolic geometry in the interior, then by Theorem 8.10, v has geodesic length less
than the universal constant C mentioned above in the closed hyperbolic case, and sclps(g) > 0
by Lemma 8.13 since v is not boundary parallel.

(b) If N is Seifert fibered over an orbifold B with x,(B) < 0, then p : 1 (N) — 71 (B) preserves
scl since B has boundary, and we have scl g o) (p(g9)) = scliv,an)(9) < sclag,(g) < 1/48 by
Lemma 5.2. Moreover, if sclys(g) = 0, then we have scly sn)(g) = 0, and thus scly (g% —
2™) =0 and m € Z by Lemma 8.14, where z represents a regular fiber. Hence either m # 0
and sclys(z) = scly(g2)/m = 0, or m = 0 and scly(g) = 0. In the latter case, we have
g"hg"h~! = z' since sclp(p(g)) = 0 where £ # 0 by assumption and thus [z] = 0 € H;(N;R)
and scly(z) = 0. In all cases, we have g"hg"h~! = 2* for some ¢ # 0 and scly/(z) = 0.
Hence applying Theorem 8.20 to z, we note that sclp;(g) = 0 only if we have case (4%).
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(c) If N is the twisted I-bundle over the Klein bottle, then g? is supported in dN. Moreover,
sclar(g) = 0 implies sclys(g?) = 0, which happens only if we have case (6) or (5*).
|

Note that there are few conjugacy classes with scl strictly between 0 and 1/48, so one may
expect many 3-manifolds to have only finitely many such conjugacy classes. For example, Michael
Hull suggested the following result in personal communications.

Corollary 8.29. Let M be a prime 3-manifold with only hyperbolic pieces in its (possibly trivial)
geometric decomposition, then scly(g) > 0 for all g # id and there are only finitely many
conjugacy classes g with sclpy(g) < 1/48.

Proof. Let g # id. If g does not conjugate into any vertex group, then sclys(g) > 1/6 by Lemma
8.25. If g lies in a hyperbolic piece N and does not conjugate into any peripheral subgroup, then
sclar(g) > scl(n,on)(g) > 0 by Lemma 8.13. If g conjugates into some JSJ torus, then the proof
of Theorem 8.20 shows that scly; restricted to the edge groups can be computed by a degenerate
norm ||-||. Having only hyperbolic pieces implies that || - || has trivial vanishing locus by Corollary
8.17, and thus sclpy/(g) > 0 and there are only finitely many integer points with norm less than
1/48.

Suppose sclps(g) < 1/48. Then by our assumption, g must fall into cases (3) or (5) in Theorem
8.28. We have discussed the case where g conjugates into an edge group above. As for the other
case, there are certainly only finitely many conjugacy classes supported in a hyperbolic piece of
M with short geodesic length. ]

One should not expect a similar result in general if we allow Seifert fibered pieces, for the
norm || - || may have nontrivial vanishing locus. For example, let M; be a hyperbolic 3-manifold
with one cusp so that a loop v on the boundary has small positive scl. Let Ms be a Seifert
fibered 3-manifold with nonorientable base space and one torus boundary. Glue M; and M,
along their boundary to obtain M so that - is not identified with the fiber direction of M. Then
all elements of the form gz™ have the same small positive scl value in M, where g and z represent
the image of v and the fiber direction of M; respectively.

9. APPENDIX

In this appendix, we prove a uniform spectral gap for scl relative to the (possibly empty)
boundary 0B in any 2-dimensional orbifold B with x,(B) < 0. The gap is explicit in its nature,
and can be taken to be 1/36 if we exclude orbifolds that have exactly three cone points on a
sphere. Non-uniform gaps follow easily from Theorem 8.8. Along the way, the method also
implies a uniform gap 1/12 for integral chains in free products of cyclic groups, which might be
of independent interest. See Subsection 8.2 for basic definitions about orbifolds. We use sclp
and scl(p pp) to denote scly, (p) and scl relative to the peripheral subgroups respectively.

9.1. Spectral gaps for chains in free products of cyclic groups. In this subsection we will
prove a key result for the spectral gap of orbifolds relative to the boundary. As a byproduct, we
use it to prove the following spectral gap for chains in free products of cyclic groups. This is a
generalization of [Taol6] uses analogous arguments.

Proposition 9.1. Let G be an free product of cyclic groups and let ¢ = Y ¢;g; be an integral
chain that is nontrivial in Bff(G). Then sclg(c) > 1/12. This gap is sharp on the class of free
products of cyclic groups.

To see that this gap is sharp, let G = (Z/2) * (Z/3) be the free product of the cyclic group of
order 2 with generator a and the cyclic group of order 3 with generator b, then sclg(ab) = 1/12
[Cal09b, Theorem 2.93].

61



Suppose G = Zyx-+* Ly *(Z)01) % - -*(Z]oy) with Z; 2 Z. Let x1, ..., %, be the generators
of Zyx---xZy, and let yy,...,y, be the generators of (Z/o1)*- - -*(Z/o0,) with orders o1, ..., 0.
Consider the alphabet S = {x{',... xEl yi' ... yin} where 0 < i; < o; for all j € {1,...,n}.
We say a word w is reduced if no x; is adjacent to xj_1 and no yjl is adjacent to yé?. Denote the
word length of w by |w|, and for any g € G let |g| = |w| for any cyclically reduced representative
w.
Every element g € G can be uniquely represented by a reduced word g in the alphabet S. For
two elements g,h € G we define Cy(h) to be the number of times that § occurs as a subword
of h. Finally we set ¢4(h) := Cy(h) — Cy-1(h) analogously to the Brooks quasimorphism first
defined by Brooks in [Bro81]. Note that Cy(h) = Cy-1(h™1).
A word w in S is self-overlapping if there are reduced words u, v, where v is non-trivial, such
that w = vuv as a reduced word. Note that any periodic word w is self-overlapping.

Lemma 9.2. Suppose the reduced word g representing g € G is cyclically reduced of length at
least 2 and not self-overlapping. Then
(1) ¢4: G — Z is a quasimorphism with D(¢) < 3 and its homogenization satisfies D(¢) < 6.
(2) If g is not conjugate to g=* then dy(g) = 1.
(3) For every cyclically reduced word w with |w| < |g| representing h € G, we have that
either w is a cyclic conjugate of g or g1, or ¢4(h) = 0.

This lemma is analogous to [Taol6, Lemmas 3.1 and 3.2], which deals with the torsion-free
case. In the absence of torsion one may deduce that D(¢,) < 2, yielding D(¢,4) < 4.

Proof. Observe that if v, w are reduced words and z € S U {0} such that v=! - x - w is reduced
then Cy(v™"x-w) = Cy(v™1) + Cy(w) + Cy((v') 71 -x-w’), where v’ is the prefix of length |g| — 1
of v if |v| > |g| and v’ = v otherwise, and w’ is defined analogously.

For every hi,hs € G there are words ¢y, cg, c3 in G and letters z1,zs,z3 € S U {0} such that

hi = cflzlcg
hy = 0512203
(hlhg)_l = 0512301
To see bullet (1), we compute that
Balh) = Coler) + Cylea) + Cy(¢h)216h) — Cyrale) = Cyi(ea) = Cy s () 216)
by(h) = Cylcs) + Cyles) + Cyl(h)  2ach) — Cyor(cz) = Cyr(es) — Gy ((ch) 1 2ach)
Go(hiha) ™) = Cyle) + Cyler) + Cyl(e)  256h) — Cyr(c ) = Cyr(er) — () 256h)

Using that Cy(u) = Cy-1(u"") we see that
¢(hn) + ¢(ha) = d(hiha) = ¢(hn) + ¢(h2) + d((hiha) ™)
= Cy((c})'z1ch) = Cyr((c)) ' z1ch)

+Cy((c3) ™ z26s) — Cy-1((cy) ' 2ach)
+Cy((c5) ™ z3¢)) — Cy1((ch) zsc)).

All of the terms (c})~'z;¢},, have word length strictly less than 2|g|. As g is not self-overlapping

we conclude that Cy((c})~'z;¢},,) € {0,1}. Thus

[9g(h1) + @g(h2) — ¢g(hah2)| < 3,

and hence D(¢,) < 2D(¢,) < 6. This shows bullet (1).
For bullet (2), observe that Cy(¢g™) = n, as g is not self-overlapping and is cyclically reduced
of length at least 2. Suppose that C;-1(g") # 0. Observe that g and g~ ! have the same length
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and thus g~ ! is already a subword of §-§. We may write §-§ = w1~ 'us as a reduced expression.
Since g - g is |g|-periodic, we conclude that g = ujup and g~! = wgus, thus g and g=' are
conjugate.

To see bullet (3), assume that w is any cyclically reduced word with |w| < |g| representing
h € G. If |lw| = |g|, then by the same argument as above we see that if Cy(h™) # 0, then g is a
cyclic conjugate of w, and similarly if Cy-1(h™) # 0. If |w| < |g|, suppose that Cy(h™) # 0 for
some integer n € N. Because |w| < |g| we have that n > 2. Then we may write g = w.w™w;
as a reduced word where w, is some suffix of w and w, is some prefix of w and where m > 0.
Note that g is not a proper power since w is not self-overlapping, either w, or w; is nontrivial. If
lws|+|we| < |w], then m > 1 and we may write g = woww'w™ w"wews, for an appropriate choice
of w',w"” and m'. This contradicts with the fact that g is not self-overlapping. If |wg|+|we| > |w],
then the prefix ws and the suffix w, of w intersect in some non-trivial word wg. Thus we may
write w, = wow,, and wy = wiwy. Hence g = wow,w™wlwy, which again contradicts the fact
that ¢ is not self-overlapping. O

Lemma 9.3. Every element g € G that is not a proper power is conjugate to an element g eq
such that g' is cyclically reduced and not self-overlapping.

Proof. We follow the strategy of [Taol6, Lemmas 3.1 and 3.2]. Pick an arbitrary total order <
on S and extend this to a lexicographic order on reduced words and thus on G. Let ¢’ be a
conjugate of g such that ¢’ is cyclically reduced and such that it is minimal among all conjugates
of g with this property. We claim that ¢’ not self-overlapping.

If not, then we may write ¢’ = uvu as a reduced expression, where u is non-trivial. Then
|uv| = |vu| and uv # vu since g is not a proper power. If uv < vu then wuw is a cyclic conjugate
with wuv < wwvu, which contradicts our choice of ¢/. Similarly if vu < uv then vuu is a cyclic
conjugate with vuu < uvu, which also contradicts our choice of ¢’. O

We may now prove Proposition 9.1.

Proof of Proposition 9.1. Let ¢ = )", ¢;g; be an integral chain where all ¢; are non-zero integers.
Up to replacing ¢ by an equivalent integral chain using the defining relation of B (G) (see
Subsection 2.1), we may assume that every g; is cyclically reduced, not proper powers, and none
of the g; are conjugate to each other or their inverses.

Without loss of generality, assume that |g1| is maximal among all |g;|. We also assume |g1] > 2,
since otherwise being null-homologous implies that ¢ must be the zero chain. By Lemma 9.3 there
is a cyclic conjugate g’ of g; such that ¢’ is cyclically reduced and not self-overlapping.

Set ¢ = ¢,. Since ¢’ is conjugate to g; and ¢ is homogeneous, we have ¢(g;) = 1. For every
i > 1 we have |g;| < |¢1| and ¢(g;) = 0 by Lemma 9.2. By Bavard’s duality theorem and the fact
that D(¢) < 6, we deduce that

S 1@ _ 1)l _ el 1

sclg(c)

~ 2D(¢) 2D(¢)  2D(¢) ~ 12
|

9.2. Spectral gap of orbifolds groups relative to the boundary. In this subsection we
will use the quasimorphisms constructed in the previous subsection to give bounds on the stable
commutator length of elements in orbifold groups relative to the boundary.

Theorem 9.4. Let B be an orbifold with boundary. Then for any g € m1(B), we have either
scl(p,om)(9) > 1/24 orscl(popy(g) = 0. Moreover, scl(p spy(g) = 0 if and only if
(1) g has finite order,
(2) g is conjugate to g~1, or
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(3) g is represented by a boundary loop.

First consider the orientable case. Let B be a 2-dimensional orientable orbifold of genus k with

m + 1 boundary components and n cone points of orders o1,...,0, € N, where k,m > 0. Then
the orbifold fundamental group G = 7 (B) is Z1%- - -x Zopx Z8 - - % Z8 % (Z/01) %~ - -x(Z]0,,) where
all Z’s are infinite cyclic groups. Let x1, ..., X9, be the natural generating set of Z1 % - - - % Zyy, let
bi,...,by, be the natural generating set of Z? - - -xZ% andlet y,,...,y, be the natural generating

set of (Z/o1) x---* (Z/o,). With an appropriate choice, the m + 1 boundary components with
the induced orientation are represented by chains

—by, =bg, -+, —bpy, [x1, %] -+ [Xop—1, X2k b1 - by oY,
Then the boundary chain 0B is their sum
OB = [x1, %] - [Xap—1, %2uJb1 -+ By, ¥, — (b1 + -+ +by).

Proof of Theorem 9.4 for orientable orbifolds. It is obvious that sclip spy(g) = 0 in cases (1),
(2) and (3). Assuming these are not the case, we now show sclip spy(g) > 1/24 using the
quasimorphisms developed in the previous subsection.

Identify G = 71(B) with the free product of cyclic groups above. Note that the m+1 boundary
chains span an m-dimensional subspace Vyp in Hy(71(B);R), and their only linear combinations
that are null-homologous must be of the form ¢ - 9B for some t € R.

We assume that [g] lies in Vpp since otherwise scl(p 55)(g) = co. Then there is a unique chain
c =) ¢;b; for some ¢; € R such that [g] = [c], and scl(p gp)(g9) = infiecr sclp(g — ¢ +tIB). Note
that the assumptions imply that g does not conjugate into any free factor.

Write ¢ = h? with ¢ € Z, so that h is not a proper power. Let h’ be the conjugate of h
as in Lemma 9.3. Note that h and h/ are not conjugate since g and g~! are not, and that A’
has length at least 2 since g does not conjugate into any free factor. Thus ¢y (g) = ¢ > 1 and
én:(b;) = 0 for all i by Lemma 9.2, where ¢y, is the Brooks quasimorphism constructed in the
previous subsection.

Let b be the only word in the chain dB of long length, i.e.

b= [x1,%2] - [Xop—1,Xok]b1 - by - Y-
If ¢p/(b) = 0 then we compute by Bavard’s Duality that

|pn (g —c+t-0B)| S o (9)] ..

(g —c+t-0B)> - 1
scllg—e+t-0B) 2D (o) =12 12

We are left with the case where ¢,/ (b) # 0. By Lemma 9.2 and the assumption that g is not
boundary parallel, this implies |b| > |h/| > 2 and moreover either h’ or its inverse is cyclically a
proper subword of b.

From the word we see that this subword is unique, and suppose that h’ (instead of h'~1)
is this subword, which implies ¢,/ (9B) = 1. Observe also that b is not self-overlapping and
has length at least 2, thus ¢ is a quasimorphism of defect at most 6 and ¢,(h') = 0 = ¢y (b;)
by Lemma 9.2, and hence ¢,(g) = 0 = ¢p(c). Set ¢ := ¢ — ¢p. We may crudely estimate
D(¢) < D(¢n) + D(ép) < 12 and compute that ¢(9B) = 0 and é(g) = ¢ (g) > 1. Thus

scl(g — ¢+ tdB) > W >1/24,

which finishes the proof of the orientable case. O

The nonorientable case is similar. In this case, if B has (nonorientable) genus k and m + 1
boundary components with cone points of order o1,...,0,, where k > 1,m > 0, then 71 (B) is
Zywx % 20 x 28 % (Z)oy) % -~ * (Z]o,) where all Z’s are infinite cyclic groups. Let
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X1,...,X, be the natural generating set of Zy x---x Z, let by,...,b,, be the natural generating
set of Z%---xZb  and let y,,...,y, be the natural generating set of (Z/o1) - % (Z/o,). With
an appropriate choice, the m + 1 boundary components are represented by chains

—by, —bg,- - ,—bm7X%"'Xzb1"'me1"'Y

Proof of Theorem 9.4 for nonorientable orbifolds. The proof is similar to the orientable case. It
again suffices to show that scl(p 9)(g) > 1/24 assuming that we are not in cases (1), (2) or (3).

Identify G = m1(B) with the free product of cyclic groups above. Now the m 4+ 1 boundary
chains are linearly independent in H; (71 (B);R) and span an (m + 1)-dimensional subspace Vyp.
We assume that [g] lies in Vyp. Then there is a unique chain ¢ = ¢ob + > ¢;b; for some ¢; € %Z
such that [g] = [c], and scl( ap)(g9) = sclp(g — ¢), where

b;:x%...xibl...bmyl...y

n-
Note that the assumptions imply that g does not conjugate into any free factor unless k = 1
and g is conjugate to x{ for some ¢ # 0 € Z. In this exceptional case, ¢ = £(b— Y b;), and
|pu(g — )| = |¢|/2, where @, is the Brooks quasimorphism of defect at most 6 by Lemma 9.2
since b is not self-overlapping and has length at least 2. Hence Bavard’s duality implies that
sclp(g — ¢) > |¢|/24 > 1/24 in this case.

In the sequel, assume that g does not conjugate into any free factor. Write g = h? with q € Z
so that h is not a proper power. Let A’ be the conjugate of h as in Lemma 9.3. Note that h
and A’ are not conjugate since g and ¢! are not, and that A’ has length at least 2 since g does
not conjugate into any free factor. Thus ¢y (g) = ¢ > 1 and ¢/ (b;) = 0 for all i by Lemma 9.2,
where ¢y, has defect at most 6 by Lemma 9.2.

If ¢p(b) = 0 then we compute by Bavard’s Duality that

9w (g =) _ lon(9)] _ 1
“lg=9 = 5pGn = 12 S 12

We are left with the case where ¢/ (b) # 0. By Lemma 9.2 and the assumption that g is not
boundary parallel, this implies || > |h/| > 2 and moreover either h’ or its inverse is cyclically a
proper subword of b.

From the word we see that this subword is unique since |h'| > 1, and suppose that A’ (instead
of h'~1) is this subword, which implies ¢,/ (b) = 1. Hence ¢ (g —c) = ¢ — ¢y € %Z and
sclg(g — ¢) > |qg — col/12 > 1/24 by Bavard’s duality unless ¢g = ¢. For this exceptional
case, observe that ¢, has defect at most 6 and ¢y(h/) = 0 = ¢,(b;) by Lemma 9.2, and hence
bu(g9) = 0, ¢p(c) = co. Set ¢ := ¢y — ¢y, which has defect D(¢) < D(¢p:) + D(¢dy) < 12. Then
¢(c) = co —co = 0 and ¢(g) = q¢n (h') — q¢u(h') = ¢ > 1. Thus

Plg —c)
2

scl(g —¢) > — >1/24,

D(9)
which completes the proof. O

9.3. Uniform relative spectral gap of 2-orbifolds. In this subsection we further deal with
closed orbifolds to obtain:

Theorem 9.5. There is a uniform constant C' > 0, such that for any compact 2-dimensional
orbifold B with x,(B) < 0, we have either scl g spy(g) > C orsclpap)(g) =0 for all g € m1(B).
Moreover, if B is not the 2-sphere with three cone points, we can take C to be 1/36.

Proof. By Theorem 9.4, it suffices to consider the case where B is closed. The case where B
is the 2-sphere with three cone points needs more attention and the result is proved below in
Theorem 9.7. In the sequel, we assume that this is not the case.
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Suppose B is orientable with genus k& and n cone points of orders oy, - ,0,. Then x,(B) =

2—-2k—>(1-1/0;) and
m(B) = (X1, ., X2k Y1+ -V | Vo8 = 1, [x1,%2] .. . [Rop—1, Xok]y; .. ¥, = 1).

If £ > 1, then we rewrite the last relation as x;l[x;g, Xq] .. [Rok—1,X2k]Yy - ¥, = xlxglel, and
view 71 (B) as the HNN extension over Z of the free product H generated by xa, ..., X2k, Y15+, p-
Since x,(B) < 0, by looking at the projection to either (x3,x4) or (y,), the cyclic subgroups gen-
erated by x; " and x; *[x3,%4] . .. [X2r_1,X21]y, - - . ¥, Tespectively have no conjugates intersecting
non-trivially. Thus the 71 (B) action on the Bass—Serre tree associated to this HNN extension is
1-acylindrical, and we have a gap 1/24 for hyperbolic elements by Theorem 8.9.

If k = 0, then we have n > 4 since x,(B) < 0 and B is not the 2-sphere with three cone points.
Then 7 (B) can be viewed as an amalgam over Z of the free products generated by y,,y, and
Y3, .-, ¥, respectively, where the generator of Z is sent to (y,y,)~" and y;-- -y, respectively.
Note that h(y,y,)?h~! = (y,y,)? with p,q # 0 only when p = ¢ and h is a power of y,y, unless
01 = 02 = 2. In the exceptional case, either n > 4 or 03,04 are not both equal to 2 since
Xo(B) < 0, either of which implies that h(y,---y,)’h™' = (y5---y,)? with p,q # 0 only when
p = g and h is a power of y;---y,. It follows that the 71 (B) action on the Bass—Serre tree is
2-acylindrical, and we have a gap 1/36 for hyperbolic elements by Theorem 8.9.

Suppose B is nonorientable with genus k and n cone points of orders oy, -+ ,0,, where k > 1.
Then xo(B)=2—-k—> (1 —1/0;) and

T (B) = (X1, Xks Yy, -V | Y0 = 1x3 X0y, .y, = X1 2).
The last relation naturally splits 71(B) as an amalgam over Z of (x1) and the free product of
X2,y Xhy Y1y -+ s Y- Since Xo(B) < 0, we know h(x3...x3y;...7,)Ph ' = (x3...x5y; ... y,,)¢

for p,q # 0 only when p = g and h is a power of x3...x3y, ...y, Thus the 71(B) action on the
Bass—Serre tree is 2-acylindrical, and we have a gap 1/36 for hyperbolic elements by Theorem
8.9.

In any of the cases above, if ¢ is an elliptic element in the splitting, we have sclg(g) >
scl(p,opy(g9) by Lemma 5.2, where B’ is the sub-orbifold supporting g. Theorem 9.4 implies
that sclp/ 9p/)(g) > 1/24 unless one of the three exceptional cases occurs. For the exceptional
cases (1) and (2), we have sclg(g) = 0. The remaining case (3) implies that g lies in the edge
group Z = (z).

(1) In the HNN extension for B orientable with genus k& > 1 above, nontrivial elements in
the edge group has nontrivial homology and thus has sclg(g) = co.

(2) In the amalgam for B orientable with genus k = 0 above, let G1, G5 be the vertex groups.
By Theorem 6.8, we have sclg(z) = min(sclg, (v,¥,),sclg, (y3 -+ ¥,,)), which is either 0
or at least 1/12 by Lemma 2.5 since G; and G5 are free products of cyclic groups.

(3) In the amalgam for B nonorientable above, nontrivial elements in the edge group are
nontrivial in the homology and sclg(g) = oo unless k = 1, in which case Theorem 6.8
implies sclp(z) = scly(y; ...y,) > 1/12 by Lemma 2.5 where H is the free product of
cyclic groups generated by y,.

0

In the exceptional case where B is the 2-sphere with three cone points of order p, g, r, we have
1/p+1/g+1/r <1 when x,(B) < 0. In this case the orbifold fundamental group is called the
von Dyck group, which is the index two subgroup of the triangle group with parameters p, g, r.
The tiling of the hyperbolic plane by hyperbolic triangles of angles 7 /p, w/q, 7 /r gives a faithful
representation of the triangle group and thus of G.
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Lemma 9.6. There is a uniform constant § := %coshfl(cos(%rﬁ) +1/2) such that any hyper-
bolic element in a von Dyck group G has translation length at least §.

Proof. For any hyperbolic element v € G, its square 72 is hyperbolic in the corresponding triangle
group. Thus by [Nak89, Proposition 3.1], the trace of 42 as an element of PSLyR satisfies

|tr(7?)] > 2cos(27/7) + 1 = 2 cosh(26).
Hence the translation length of 72 is at least 20, and our conclusion follows. O

Theorem 9.7. Let G be a von Dyck group. There is a uniform constant C > 0 independent of
G such that either sclg(vy) > C or sclg(y) = 0 for any v € G, and the latter case occurs if and
only if Y™ is conjugate to v~™ for some n.

Proof. The proof is simply a modification of the proof of [Cal08, Theorem C] written in [Cal09b,
Chapter 3].

Let H be a torsion-free finite index subgroup of G, which we think of as the fundamental group
of a hyperbolic closed surface 3, where the hyperbolic structure is induced from the embedding
of G in PSLyR.

We estimate scl of any nontrivial v € G. Suppose v* = [a1,b1] - [ag,by]. This gives a
homomorphism h : m1(Sy) = Foy — G, where Sy is a surface of genus g with one boundary. Let
S be the finite cover of S, corresponding to the finite index subgroup h=*(H). In this way, we
think of S as a surface mapping (via a map f) into X such that each boundary wraps around a
loop that is conjugate to some 4% in G (but not necessarily in H), where i > 0.

Now take a pants decomposition of S as in Figure 12. Since all nontrivial elements in H are
hyperbolic, after possibly compressing S, we assume each boundary curve of a pair of pants to
be hyperbolic. By an argument similar to [Cal09b, Lemma 3.7], we can modify the map f on S
by Dehn twist,s after possibly further compressing S, so that f restricted to each pair of pants
on S does not factor through a circle.

It is possible that S contains disk or annuli, in which case, some powers of v are conjugate
to its inverse. Assuming this is not case, then a theorem of Thurston (see for example [Cal09b,
Lemma 3.6]) shows that S has a pleated surface representative (see the proof of Theorem 8.10
for a definition) and —x(S)/n = —x~(S)/n < —x(S4)/k.

Choose € small compared to the 2-dimensional Margulis constant and length(y) and take
the 2¢ thin-thick decomposition on the double of S. The exact same argument in the proof of
Theorem 8.10 shows that there is some segment o of S in the thin part satisfies

length(c) > n - length(y) — 7747?(5) _n: length(y) 2£
—6x(9) —6x(95) 3e

On the other hand, length(c) cannot be much longer than length(v). More precisely, choosing
€ small in the beginning so that 4e is less than the 2-dimensional Margulis constant, it is shown
in the original proof of [Cal09b, Theorem 3.9] that

length(o) < 2 -length(vy) + 4e
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unless there are conjugates a, @’ of v in G and p € H? such that d(p, aa’(p)) < 4e and d(p, a’a(p)) <
4e.

By Margulis’ lemma, aa’ and a’a lie in an almost-nilpotent subgroup N of G. Note that any
nilpotent group has a nontrivial center. By analyzing centralizers of elements in PSLy;R, we
observe that discrete nilpotent subgroups are cyclic. Since each hyperbolic element has a unique
m-th root, we see that if aa’ is hyperbolic then aa’ and a’a are commuting conjugate hyperbolic
elements. In this case the original proof of [Cal09b, Theorem 3.9] shows that by?b~! = =2 for
some b.

If aa’ is elliptic fixing some z € H2, then a’a is also elliptic with the same angle of rotation fixing
a'(z), which is distinct from z since o’ is hyperbolic. When 4e is small compared to length(7),
since d(z,a’(z)) > length(7), the only way to have a common p with both d(p,aa’(p)) < 4e and
d(p,d’a(p)) < 4e is when aa’ rotates by a very small angle at the scope of e. But then one can
easily observe that (aa’)(a’a)™! = [a,a’] € G has a fixed point on JH?, which implies either a
and o/ commute or [a,a’] is a hyperbolic element. The former case cannot happen since a,a’
have distinct fixed points and rotate by a small angle. In the latter case [a,a’] has translation
length at a scale no more than e.

Since translation lengths of hyperbolic elements in von Dyck groups have a uniform positive
lower bound by Lemma 9.6, one can choose a uniform € > 0 that is small compared to length(+)
for any hyperbolic element v € G, which would exclude the case above that [a, a’] is hyperbolic.

Hence in this case we must have

length(c) < 2 - length(vy) + 4e.

Combining the estimates, we get

n 2m
e — < R
<—6X—(S) 2> length(y) < 4e + 3

Since € is uniform and length(+) has a uniform positive lower bound, this yields a uniform positive

lower bound of —x~(S)/n < —x~(S,)/k, and thus a uniform lower bound C of sclg () whenever
v is hyperbolic and has no power conjugates to its inverse. O
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